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STATISTICAL CONSIDERATIONS FOR NOISE AND INTERFERENCE
MEASUREMENTS

Roger Dalke*

The study of noise and interference in the radio environment is essential to
the development of efficacious communications systems. Many of the charac-
teristics of radio noise and interference of interest to radio system designers
can be expressed in terms of first- and second-order statistics. These statistics
are necessarily calculated using measured data. In this report, we discuss un-
certainties that arise when measured data sets are used to calculate statistics
of radio noise and interference.

Key words: amplitude probability distribution; average power; measurement uncertainties;
power spectrum; radio interference; radio noise

1. INTRODUCTION

The performance of wireless communications systems is adversely affected by a variety of
environmental processes which from the point of view of a victim receiver are time-varying
stochastic processes. These processes can be either additive or multiplicative. Examples of
additive processes are natural and man-made noise and interference. Multiplicative processes
involve radio channel effects that result in signal fading such as multipath. In what follows,
we will simply use the term noise to describe these random processes.

Since communications systems need to resist noise, it is important that the salient charac-
teristics of these processes be well understood. For many applications of interest to commu-
nications engineers, these characteristics can be expressed as properties of their first- and
second-order statistics. Such statistics are necessarily determined via measurements. Mea-
surements, however, only provide finite data sets which introduce uncertainties in calculated
statistics.

The intent of this report is to discuss some of the statistical uncertainties that arise when
measured data are used to characterize radio noise and interference. In particular, we discuss
uncertainties for estimates of mean power, statistical distribution functions (viz. the ampli-
tude probability distribution), covariance functions and power spectral density functions. It
should be noted that while the concepts described here are not new, they are presented in
a format that is intended to provide a useful reference for communications engineers per-
forming noise and interference measurements. For a more detailed discussion of the topics

*The author is with the Institute for Telecommunication Sciences, National Telecommunications and
Information Administration, U. S. Department of Commerce, Boulder, Colorado 80305.



described in this report, the interested reader is directed to the list of publications in the
reference section.

Section 2 of this report gives a brief overview of relevant concepts from the mathematical
theory of stochastic processes. This section also gives mathematical expressions for functions
and definitions used throughout the report. Estimators and related uncertainties for com-
monly measured first order statistics are described in Sections 3 and 4. Section 5 describes
the statistical properties of commonly used estimators for the covariance and power spectral
density functions.



2. PRELIMINARY REMARKS ABOUT STOCHASTIC PROCESSES

The study of noise in the radio environment is essential to the development of efficacious com-
munications systems. From the standpoint of a victim receiver, noise processes are generally
random functions in time and space. The development of appropriate noise measurement
techniques and the proper interpretation of results is greatly enhanced by an understanding
of the mathematical theory of stochastic processes. The synergism of theory and measure-
ments allows engineers to develop a keen understanding of the probabilistic structure of
important noise processes and provides a basis for analyzing the performance of radio sys-
tems. In this section we provide a brief discussion on pertinent aspects of the mathematical
description of stochastic processes.

Formally a stochastic process is defined in terms of a probability space (2,&,P) and a
parameter set T representing, for example, time variation (see [1] for a complete description
of this and what follows). €2 is the space of elementary events w (e.g., possible outcomes of
an experiment), & is a o-field of sets in €2, and P is a probability measure. A stochastic
process is a finite function £(t,w) which, for every fixed t € ¥, is a measurable function of
w e Q.

With regard to the use of the independent variable w, we will adopt practices commonly
found in the literature. Specifically, the independent variable w will be suppressed unless it
is required for calculations or it provides clarification. At times it will be useful to denote
the realization of a random variable or process based on a particular elementary event.
For example, £(t,w;) denotes the realization (or sample function) resulting from the event
{w = wy}. Throughout this report £(¢) is used to denote a random process. The specific
type or class of random process represented by the function £(¢) will be defined as required
in each section or subsection.

For a fixed t = t; there is a random variable {(t;) = &(t1,w) with a definite probability
distribution denoted by

F(z;t) = P{E(h) < o}

that is, F'(z;t;) is the probability of the event that the random experiment yields a value
of £(t1) which does not exceed the real number x. For an arbitrary finite set of ¢-values,
t1,...,t,, the random variables £(t1),...,&(t,) have the joint distribution function

F(xy,...,znt1, .. t) = P{E(t) < x1,...,&(tn) <z}

All joint probability distributions for all n = 1,2, ... and all possible values of ¢; constitutes
the family of finite-dimensional distributions needed to completely characterize the process
£(t,w). It is clear that completely characterizing many of the random noise processes of
interest in communications engineering would be quite difficult if not impossible. Evidently
a random process is described in terms of a denumerable number of random variables. In this
context, the statistical properties of one random variable (e.g., F'(xy;t1)) are usually referred
to as first-order statistics and the joint statistics of 2 random variables (e.g., F(z1, x2;t1,12))
are called second-order statistics.



Fortunately, it is often the case that first- and second-order statistics provide sufficient
information for predicting how noise affects the performance of communication systems. In
addition to the mean,

p(t) = E{E(1)}

where £ denotes expected value, the usual first-order statistic of interest is the amplitude
probability distribution (APD) which is the compliment of the distribution function, i.e.,
1 — F(x;t), for the process amplitudes.

Second-order statistics of interest are the correlation function

r(ti,ta) = E{E(t1)E7 (t2) },

the covariance function

cov(§(tr),&(t2)) = v(t1,t2) = E{E(01)E7(t2)} — E{&(t)} E{E7(t2)} (1)

the variance
var(£(t)) = cov(&(t), £(1))

and the Fourier transform of the covariance function

U(fi, f2) = F{v(t, t2) }-
The superscript * used above denotes complex conjugate.

If the process of interest is discrete, the time parameter is usually denoted by an integer
subscript (e.g., {k(w)). The extension of the previous equations to discrete processes is
obvious, for example the discrete covariance is

Vi =& {&6;} —&{&te {5]*} . (2)

At this point it is useful to introduce some standard terminology used in the text. Let M
denote the average of NV random samples of the random variable £ where £ {¢} = p (i.e., M
is an estimator for the mean). If £ {M} = p the estimator is called unbiased. If € {M} #
i, but we have E{M} — p as N — oo then the estimator is said to be asymptotically
unbiased. It is also important to describe convergence properties of the estimator. Mean-
square convergence means that var(M) = € {(M — u)?} — 0 as N — oo. If in addition we
have P{|M — pu| < ¢} = 1 for any ¢ > 0 then we will say that M — p with probability
one or in probability. An estimate that converges in probability is also called a consistent
estimate. Note that convergence in probability is a stronger condition than mean-square
convergence (see for example the random sampling variance calculation in Section 3.2.4).
We will sometimes use the standard symbol O when describing the order of magnitude of a
function when the independent variable tends to some limit (usually infinity). For example
var(M) = O(N~1) means that Nvar(M) remains bounded as N — co.



2.1 Stationarity and Ergodicity

The family of processes that are invariant under a translation in time (or space) are called sta-
tionary processes. This property greatly simplifies measurement procedures. Different classes
of stationarity are obtained by imposing more or less stringent conditions of invariance. A
process is strictly stationary when the whole family of finite-dimensional distributions is
invariant under a translation in the parameter of interest (e.g., time). Communications en-
gineers are often concerned with the broader class of processes that have time invariant first-
and second-order statistics. This class is usually referred to as wide-sense stationary. In the
sequel, these will simply be called stationary processes. Thus, for stationary processes we
have the following relations

pu(t) =p F(xst) = F(x) r(t,ta) = r(ty —t2) y(ti,t2) = y(t1 —t2) T(f) = F{v(t1 —t2)}.

Since the variance of a stationary process plays an important role in characterizing uncertain-
ties we will at times simply call it 02, i.e., 0* = (0). Note that in the case of the covariance
and correlation function, we have used the same symbol to represent both a function of two
variables and a single variable which is the difference of the two independent variables. We
will frequently use such simplified notation when the relationship between the two functions
is obvious as with stationary processes.

While, from the standpoint of performing experiments, the attribute of stationarity is highly
desirable, many of the noise processes encountered in radio communications are nonstation-
ary. For example, radio noise originating from human activity can vary significantly within
the hour as well as hour-to-hour. However, it is usually possible to adequately characterize
these processes using measurements over time scales during which the process is approxi-
mately stationary. For longer time scales, the first- and higher-order statistics are usually
treated as random variables.

In principle, the statistical properties of a noise process can be calculated from an ensemble
of sample functions obtained from a sufficiently large number of random events. Implement-
ing the experiments required to construct such an ensemble is usually not practical and
may not even be possible. An obvious and more practical procedure is to try and obtain
the desired statistics from a sample function £(t) = &(¢,w;) corresponding to a single ran-
dom experiment. Such a procedure is valid if each sample function is representative, when
viewed over sufficiently long times, of the statistical properties of the entire ensemble—and
conversely. Random processes with this property are known as ergodic processes. In cases
where it is only possible to measure a single sample function, and the process is known to be
stochastic, the usual practice is to assume the process is ergodic and construct the desired
statistics from the measured sample function.

Formally, for a strictly stationary discrete time process & (w) with a bounded first moment
(€ {|¢k|} < 00), a point in the basic probability space w = (wp,wy,wa, ... ) can be thought of
as a possible time history of an event, i.e., {g(w) = wg. If 7 is a time shift transformation,
(Tw)r = wiy1, and if for every invariant set A € Q (i.e., T 'A = A) P{A} =0 or 1, the



ergodic theorem [2] states that

lim — Z &o(Thw) = £ {&)

N—oo [V
with probability one.

More generally, this includes time averages of bounded (in the first moment) integrable
functions f of the process, i.e.,

1N1

11m—Zka =&1{f}.

For example, if the first-order distribution function F'(x) is estimated by a function F, which
gives the fraction of time that the observed sample function is less than a particular level z,
then ergodicity implies that F,, — F(x) as N — oo.

2.1.1 A Strictly Stationary and Ergodic Process
Consider the process &y, &1,&> . .. where the {&} are independent and identically distributed
(iid) random variables with &€ {|¢x|} < co and form the time average

1N1

Zé“k

By the strong law of large numbers |M — £ {&} | — 0 with probability one.

2.1.2 A Strictly Stationary Process that is Not Ergodic

Let w be uniformly distributed over the unit interval (w € [0,1)) and define the random
variable X as a real function that can be represented as the Fourier series

00 )
Z cn ezZTrnw

n=—oo

where ¢ = v/—1. For any A € [0,1) and transformation 7w = w + A (mod 1) obtain the
random process

&(w) = X(Trw) k=0,1,2,....

Since T is a measure preserving transformation (P{7 A} = P{A} for any set A € Q), the
process is stationary and € {.} = ¢o. The time average is

€i27an>\ -1
_ i27rwn 227rwn
M = Z Cné Z Cn€ w1 |

NAEZ n/\géZ



where Z is the set of integers. In the limit N — oo we have

M — Z et

nAEZ

If X\ is a rational number, the process is periodic and there are non-empty invariant sets that
do not have probabilities of 0 or 1. Hence, the transformation is not ergodic. Clearly the
time average M does not in general converge to c¢g.

If, on the other hand, A is irrational, the process is not periodic and it can be shown that
the invariant sets have probability 1 or 0. The transformation is ergodic and M — ¢y with
probability one [2].



3. ESTIMATION OF THE MEAN

Perhaps the first order statistic that is most widely used to characterize radio noise is the
mean power. In this section, we will examine the statistical properties of the commonly used
power estimator. Expressions for the mean and variance of the estimator will be obtained.
We will see that the variance depends on correlation properties of the data and hence data
sampling strategies. By way of an example, these results will be applied to narrowband
Gaussian radio noise.

When the distribution of the estimator is known or can be reasonably approximated, a
more precise statistical description of uncertainties can be obtained. An example of such a
procedure, the method of confidence intervals, is also given in this section.

Finally, we examine the mean and variance of the estimator when the underlying process is
cyclostationary. This class of nonstationary processes often occurs in the analysis of com-
munications systems. This is followed by an application of the results to a pulse modulated
process.

3.1 Stationary Processes

In this subsection, we describe uncertainties associated with estimating the mean of a sta-
tionary process. Let £(t,w) be such a process with mean p = £ {{(¢)}. The usual procedure
is to calculate the time average of a measured sample function £(¢,w;) based on a particular
experiment wy. If we obtain N discrete samples equally spaced At time units apart and
denote & (wy) = £(kAt,wy), the estimate of the mean is

1N
wliﬁz_: (3)

Note that the estimator M is a function on the probability space consisting of elementary
events w € (), i.e., it is a random variable. Hence, the characteristics of the estimate are
properly described in terms of its statistics.

The mean of the estimate is

1N1

5{M}—*Z5{€k} 1 (4)

hence M is an unbiased estimate. The variance is

H
H

N—

—

1N1N

N2

1 N—
& {gjfk |/i|2 N2

7=0 k=0 7=0 k=0

Var Vik (5)

where 7;;, is given by Equation 2.



For a real stationary process ;i = Vn, where n = k — j, so that Equation 5 simplifies to

02 2 X
M)=—+—
var( =N N nz::l
where 02 = .
If the process is stationary and
1 N-1
~ Z Y — 0

the estimator is mean-square convergent. This is sometimes referred to as mean-square
ergodicity. If in addition y(t) = O(|t|™?) for some 3 > 0 as [t| — oo, then M — pu
with probability one (i.e., the estimate is consistent) [1]. It should also be noted that if
vn = 0 for n # 0, the variance of the estimator is simply

var(M) = (6)

=],

3.1.1 Sample Correlation Effects

As we have seen, when the samples are uncorrelated, the variance of the estimator decreases
in proportion to the number of data samples. In this subsection we will compare this result
with what would be obtained using a fixed length record of densely sampled data. In fact,
we will assume that the number of samples is so large that the summation in Equation 3
can be replaced with an integral.

To obtain uncorrelated samples we need to know or otherwise estimate the minimum sample
spacing 7y that yields (at least approximately) uncorrelated samples. This sample spacing is
often referred to as correlation time and we assume that v(7) ~ 0 when 7 > 75. A practical
definition of correlation time is

T0 1 7
2= Reo/'y(T)dT. (7)

As might be anticipated, there is a relationship between correlation time and the bandwidth
of the power spectrum. If the equivalent bandwidth of the power spectrum I'(f) is defined

as
¢

1
Beq = F(O)—Zo L(f)df
then
27'0 =




In the case of a triangular function, 27y is exactly equal to the width of the normalized
covariance function. More generally, the quantity 27 can be considered as a measure of the
width of the covariance function.

If the time increment is greater than the correlation time, we can simply calculate the
variance using Equation 6. Note that evaluating the variance requires a knowledge of o2
which is often not directly available. When N is large, a common practice is to replace o2
with the unbiased estimate of the variance calculated directly from the measured data

1 N-1

5% = No1& (& — M)? (8)

which converges to o2 in probability.

If a real stationary and ergodic noise process is densely sampled over a time period 7', the
variance of the estimate can be calculated via integration

var(M ZJiys—t dt ds /( |T|> (r)dr. 9)

If 79 is finite and T" >> 77 we have

VaI‘

’ﬂ\l\?

=2 oo 32 "

But 7'/ is approximately equal to the mazimum number of uncorrelated samples contained
in the sample time period. Hence, the variance for dense sampling is not much different than
what would be obtained for sparse sampling using a sample spacing of 7.

3.1.2 An Example — Narrowband Noise

In this subsection we will use the results obtained so far to calculate the variance of mean
power estimators assuming densely and sparsely sampled narrowband Gaussian noise.

Let n(t) be a stationary narrowband Gaussian noise process with £ {n(t)} = 0, center
frequency f., and baseband representation n(t), i.e.,

n(t) = Ren(t)e 2,

Let £(t) = |n(t)|* and assume that we wish to estimate the mean power u = & {£(t)} using
Equation 3. We know from Equation 4 that the estimate is unbiased. The variance of the
estimate depends on the covariance of £(t), so we will first obtain an expression for the
covariance in terms of the baseband noise process. From Equation 1 we immediately obtain

V(s —t) = E{a)n" (H)a(s)a"(s)} — p*

10



This result can be simplified using the following identity for stationary zero mean Gaussian
processes [3]

E{n(t)n* (s)yn*(t)i(s)} = E{n(t)n*(s)} E{n*(t)n(s)} + E {n(t)(s)} € {n*(t)n*(s)} + p?
to obtain
V(1) = [E{n(®)a*(s)}* + € {a(t)n(s)}

where 7 = s — t.

Often the noise equivalent bandwidth is known (at least approximately) so it is useful to
formulate the variance of the estimator in terms of this parameter. We begin by noting that
narrowband Gaussian noise can be represented as bandpass filtered white noise z(¢) with
spectral density k.7 where k is Boltzmann’s constant (1.3807 x 10_23JK_1) and 7 is the
temperature in Kelvin. If h is the baseband representation of the bandpass filter, we have

At) = / 2(s)e2 oSy — 5)ds.

—0o0

Since € {z(t)z(s)} = k7 (s — t) we find

E{At)A (s)) = kT / h(r + )i (s)ds

and

€ (A(t)i(s)} = kT et / e~ ULy (7 4 5)h(s)ds.
Using the notation H(f) = .Z{h(t)}, the integral given above can readily be evaluated as

[e.o]

/ H(2f. — g)H(g)e ™7 dg = 0
and hence £ {n(t)n(s)} = 0 so that

) 2

kT / h(t + s)h*(s)ds

—00

v(1) =

Usually, the filter is specified so that the maximum gain is 1 (i.e., max|H(f)]> = 1. The
mean and variance of £(t) can then be expressed in terms of the filter’s equivalent bandwidth
B = [ |H(f)]?df as follows

eq

E{Et)} = n= (kT BE)

11



and

7(0) = (kT BED)?.

Using Equation 7 and Parseval’s theorem the correlation time can be written as
L [
O By

from which we find that 7o < 1/ Béf ). In the case of dense sampling over a time period T,
Equation 10 gives
(k7 B{I)?

var(M) TR
eq

IN

In the case of sparse uncorrelated samples we have from Equation 6

var(M) ~ i /N = (k7 BL)?/N.

3.1.3 Confidence Intervals

If the sampling distribution of the estimate M is known, it is possible to calculate the end-
points of an interval that with some specified probability contains the value of the population
mean. Such a procedure is known as the method of confidence intervals.

Given a small number ¢ > 0 and confidence coefficient p = 1 —¢, let ¢;(M) and co(M) be the
endpoints of an interval so that P{c; (M) < p < co(M)} = p. This is equivalent to the known
probability P{n; (1) < M < ny(p)} if we choose ¢;(M) = ny ' (M) and (M) = n; H(M).

For example, if a large number of independent and identically distributed random samples
are used, M is approximately normal with mean p and standard deviation o/ V/N. For large
N it follows that
o o o o
PIM - N—=<pu<M+N—}=Plu—-A—=<M<pu+\—}=
{ N W} {u Wii [ \/N} p

where ). is the 100 % value of the standard normal deviate Z = (M — u)/(c/V/'N), i.e.,

e=P{Z] > A} = —/2 q¢.

2 o0
— [ e
\/271’)\/

Now, for a given estimate M and confidence coefficient p we can determine the endpoints
M 4+ \.o/v/N of the interval that with probability 100p % contains .

As before, if the value of ¢ is not known and N is large, a common practice is to use the
unbiased estimate obtained from Equation 8.

12



3.2 Cyclostationary Processes

Many nonstationary processes of interest in communications exhibit periodically time-variant
statistics. Examples include pulse-amplitude, -width, and -position modulation, amplitude
modulation, phase modulation, and periodic noise pulses. A process £(t) is said to be
cyclostationary if the mean and correlation are periodic. If the period is T" we have

pu(t) = p(t+T)
(11)

r(t,s)=r(t+T,s+1T),

and if [ |u(t)]?dt < oo, the mean can be represented as a Fourier series

u(t): Z Mn€i27rnt/T‘

n=—oo

The Fourier coefficient p,, is sometimes referred to as a cyclic mean and can be defined as

7/2
- —127rnt/T
Zh_rgo 7 / dt. (12)
—Z/2

The covariance function ~y(t,s) = r(t,s) — p(t)u(s) is also periodic. It is sometimes useful
to define the covariance in terms of clock time t and lag 7 = s — t as follows

A, ) =yt —71/2,t +T/2)

and if [ |3(t,7)|?dt < oo as a Fourier series

Z ,S/n(,r)ei%rnt/T‘

n=—oo

with Fourier coeflicients

Z/2

1 )
Ga(r) = Jim [ At e A, (13)
—Z/)2

As before, it is useful to define a correlation time. Since the process is not stationary, the
average correlation time can be defined in terms of clock time averages as follows

To (JooA(t, 7)dr) - Jo 70(7')d7'

2 (o) 5l(0)

13



3.2.1 Dense Sampling

Equation 12 indicates that an estimate of the cyclic mean u, can be obtained from a sample

function as follows
Z/2

M, (Z,w) =7 / E(t,wy)e 2Ty,

—Z/2

The expected value of the estimate is asymptotically unbiased

EMA(Z)} = pu + Y psine(m(k — n)Z/T) — i (14)
k#n
with variance
Z/2
var(M,(Z)) =2 //'y (t,5)e 2™ =9)/Tqt ds. (15)
—7/2

If limy_, var(M,(Z)) = 0, then the process is mean-square cycloergodic at the frequency
n/T.

3.2.2 Sparse Uncorrelated Samples

Suppose that £(t) is cycloergodic at all frequencies of interest and that ~(¢,s) ~ 0 when
|s —t| > 79. We can then use approximately uncorrelated samples to obtain an estimate of

the cyclic mean as follows
1 N-1

Mn _ Z g(tk>e—i27rntk/T
N k=0

where |t — tge1| > 70. If we let
t, =kT(J +¢) (16)

where T'J > 7y, for some positive integer J, and 0 < € < 1, the estimate can be written as

i = —z27mks
n N —
with expected value
o0 i2m(j—n) 1 6@27rNj€ -1
5{M}—*ZZM U= Y i+ X ey

k 0 j=—o0 JeEL je¢Z

In the limit we find that the estimate is in general biased

lim E{M,} = > tjin.

N
e jeEL

14



However, if ¢ is irrational or if x(t) is bandlimited so that y;, = 0, |j| > |1/¢], the estimate
is asymptotically unbiased.

For practical applications, we assume that the increment is a small rational number which
can be written as e = 1/K, where K is a positive integer. For this case, the limiting expected
value of the estimate can also be written as a discrete Fourier transform

1K 1 —
: 27 /K
A}l_l}r(l)og{Mn}— ’;Ou kT/K)e

We see that, for sparse uncorrelated samples, the expected value of M, is equivalent to
estimating u, using the discrete Fourier transform as an approximation to Equation 12. It
should be noted that we must also have K >> n when estimating higher order cyclic means.

The variance of the estimate is
1 N-1
var(M,) = Nz Z v (tx, tr)- (17)

Since the covariance is periodic, we can use Equation 16 to obtain

N-—
(k;Ts kTe) Z (kTe,0).

HMZ

15
N ¢

As before, if we let K = 1/e and N is large, we need only average the covariance function
over a period and therefore

1 N— 1 K-1
—Z (kTe,kTe) — — > F(kT/K,0).
N = K =

Note that -+ Y5t 9(kT/K,0) is the discrete Fourier transform approximation of 5,(0) (see
Equation 13) so that when ¢ is sufficiently small the variance can be approximated as

var(M,) ~ %(0) :

(18)

This result is similar to that obtained for uncorrelated samples of a stationary process
(Equation 6) with the zero-lag stationary process covariance function replaced by the zero-
lag time average of the cyclostationary process covariance function.

As with stationary processes, calculating the uncertainty in the sparse sampling estimate
requires additional knowledge of the process, in this case 50(0), which is often not directly
available. When N is large, 70(0) can be replaced by an estimate of the form

So(0) = N_o1 > [E(tk) — Mol



3.2.3 Random Sampling

In this subsection we will show that a cyclostationary process can be converted into a sta-
tionary process by random sampling. The average of the stationary process is an unbiased
estimate of g and the results of Section 3.1 can be used to calculate uncertainties for this
estimate.

By random sampling, we mean that the observation times are random and uniformly dis-
tributed over a period T'. This gives a new process defined as follows

X(t)=¢&(t+0), 6 uniform over [0,T).

The new process is stationary since the mean is constant

E{X()} =E{E{E(t+0)|0}} = ;/M(é’)d@ = Ho (19)

and the correlation function depends only on the lag 7 = s — ¢

E{XOX"(s)} = E{E{E(t+0) (s +0)[0}}

T
1

= — [r(t+0,s+6)dd
TO/

T
1
= T/T(@,s—thQ)dQ =r(7).
0

Note that the mean and correlation functions are time averages of the cyclostationary statis-
tics.

The covariance function can be written in terms of the correlation function and the mean as
follows

1(r) = () = i

3.2.4 An Example — Pulse Modulation

In this subsection, we will calculate the variance of the mean power estimator for a baseband
pulse modulated process using the different sampling schemes described above. The process
used in this example has the form

W)= Y Zup(t—nT)

n=—oo

where p(t) is real and is zero outside of the interval [0,7) and Z, are iid complex random
variables. The instantaneous power can be written as

)= 3 Wy pt—nT)

n=—oo
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where W,, = |Z,|*.

To calculate the variance of the estimator we first need to obtain expressions for the process
mean and correlation functions. Using the notation j,, = € {W,} and 02 = £ {W?} — 2,
we have

E{W W} = 020um + 112, (20)

The process mean is simply

u(t) = 6D} = > 2t —nT).

n=—oo

and the correlation function is

o0

r(ts) =E£{E)E(s)} = X i E{WuWn} p*(t —nT) p*(s —mT).

nN=—00 M=—00

Using Equation 20 gives

(t.5) = u(Ou(s) + 0% 30 pA(t—nT)p*(s - nT)

n=—oo

and hence
V(t,s)=on > p*(t—nT)p*(s —nT).

Clearly, this process is cyclostationary and has the periodicity as described in Equation 11.

We now assume that the estimator is obtained from a densely sampled record of length Z
and calculate the variance of the estimator. To minimize the bias (Equation 14) we require
Z >> T. It is useful to approximate Equation 15 in terms of the minimum number of
intervals of length 7" in the record. Using the floor function notation define

Z
2N = | =
7
and hence
2 ~ NT 2
var(M,(N)) ~ (2N%)2 > / p2(t —mT)e 2™/ Tt
M=% |_NT

We can sum the series (approximately) and write the expression for the variance in terms of
the Fourier transform of the pulse squared

2

o2 T ,
var(M,(N)) ~ 2]\;3“2 L/ p2(t)e 2T ¢

17



Applying the commonly used rectangular pulse

1 0<8t<Ty, To<T
p(t> = Drect (t) = { 0 els_e 0 0 (21)
gives
(M (V) ~ 2510 inc2(eny /1) (22)
var(M,, ~ e sine”(mnTo/T).

Next we will assume that the estimator is obtained from N sparse uncorrelated samples.
Using Equation 17 gives

2 N— 00
var( = Fw Z:: ; YkTe —nT).

For N >> K and ¢ = 1/K << 1, we can use Equation 18 and Equation 13 to obtain

For the rectangular pulse of Equation 21

2
O'wTO

var(M,(N)) ~ NT

(23)

So far we have compared the variance of the mean estimator when dense and sparse uncor-
related sampling schemes are used. Often we only need to estimate the time average mean
power 9. Such an estimate is readily obtained by using random sampling. In what follows,
we will calculate the variance of the estimator M, obtained from random samples of the
pulse modulated processes.

We begin with the modified pulse modulated process

X(t) = i Znp* (t —nT +0)

n=—oo

where @ is uniformly distributed over the period T'. Using the results of Section 3.2.3 we can
calculate the process mean and correlation, viz.,

E{X(t)} = /p )0 = pg

and the correlation as a function of lag 7 = s — ¢

r(1) = r(7) + 1ro(7)

18



where

r(r) = o2 i 8{p2(t—|—9—nT)p2(5+9—nT)}

n=—oo

ro(1) = i i 5{p2(t+0—nT)p2(s+(9—mT)}.

n=—o0 Mm=——0o0

These equations reduce to

o2 7
n(r) = 2 [ pAOp3(r+0)a0
,LLZ B 00
ro(T) = ﬁ > ri(r =nT).
Note that ro(7) is a scaled periodic extension of r1(7). Using p,e«(t) defined by Equation 21
gives
oo(To—|T)/T |71 <Th
n(r) = { 0 else
i.e., the correlation function consists of a single triangle function of height 2Ty /T and base
2Ty centered at 7 = 0 and the periodic extension of a triangle function of height p2T,/T
and base 27,. The covariance function is

Clearly, we have

Z/2
Zh—r}gof / ~v(T)dr =0
~Z/2

so the process is mean-square ergodic. However, since the covariance function itself does not
tend to a limit, the time average does not tend to the mean with probability one.

If we choose the special case Ty = T then

wo = (U ST

ro(T) = /1’121)

The process correlation time is 79 = 1" and the time average tends to the mean with probabil-
ity one. If we obtain IV uncorrelated samples at time intervals of 7y (or greater)the variance
of the estimate is

var(M) =

Sk
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In the case of dense sampling over the same time window (i.e., Ty = N7p), we have (Equa-

tion 9)
Tn

202 T\NT —71 202 : T
= [ (-7 ) =2 [ (- F)o-
var(M) Ty J Tn 7 dr N J N (1—-7)dr

which reduces to
var(M) = %y (1 — 1) :
N 3N
Hence even for small N, the variance is essentially the same as that for sparse uncorrelated
samples using a sample spacing of 7.

It is useful to compare this result with the estimator variance given in Equation 22 and
Equation 23 for My and 7y = T. Clearly, the random sampling variance and the sparse
sampling variance are the same (assuming N is large). To compare this with the variance
of the dense sampling estimator we note that 2/NV in Equation 22 is essentially the same as
Ty /T given above. If the sample spacing is equal to the correlation time 7 = 7" we find that
the variance is approximately the same for all the sampling schemes. It should be noted,
however, that the random sampling estimator is unconditionally unbiased (Equation 19)
while the other estimators are only asymptotically unbiased.

20



4. ESTIMATION OF THE AMPLITUDE PROBABILITY DENSITY

Quantile statistics play an important role in characterizing radio noise processes and in
predicting the performance of radio receivers. Typically, radio engineers are interested in
the percent of time that noise amplitudes exceed a specified threshold. The threshold may
represent, for example, the point at which the symbol error rate exceeds the capability
of error correction algorithms. Radio engineers often refer to such statistics as amplitude
probability distributions. The APD is the compliment of the first-order distribution function
of the complex baseband noise envelope expressed in decibels. In this section, we define the
APD estimator and derive expressions for calculating quantile confidence intervals.

An estimate of the APD can be obtained from an experiment which yields discrete data
samples from a complex baseband noise process n(t,w). Here, we assume that the samples
used to construct the APD are approximately independent. This is usually accomplished
in practice by designing the experiment so that the time between data samples exceeds the
process correlation time. We have then a random sample consisting of a sequence of N
observed values of the noise envelope

gk(wl) = |ﬁ(tk7w1>| k= 1727 e 7N ’tk—i-l - tk| Z 70-

If the process is stationary and ergodic, the &, can be considered as iid random variables
with distribution F(z) and P{ >z} =1 — F(x).

If we denote by v the number of sample values that are greater than some specified value
x, we obtain a step-function estimate of the APD with an incremental step height of 1/N.
The probability that x is exceeded is simply the frequency of the event {{; > z} in the
sequence of N observations. In practice, the APD estimate is easily calculated by ordering
the samples £[1] > £[2] > - -+ > £[N] where £[v] denotes the 1" order-statistic and assigning
the probabilities

Pla > €} =+

Obviously the total number of samples needed is predicated on the desired accuracy of the
probability estimate. This will, however, vary with the quantile, being most accurate for
the median and least accurate for the tails. For example, it would seem quite unlikely that
P{& > [N} = 1 which indicates that the endpoints of the APD estimate are dubious as
is shown in the quantitative analysis which follows.

4.1 Probability Coordinates for the APD

Since the amplitude of a complex Gaussian process (e.g., radio receiver noise) is Rayleigh
distributed, the usual engineering practice is to graph APDs on probability paper that
linearizes Rayleigh distributed amplitudes. This allows the engineer to determine, at a
glance, if the measured process is Rayleigh distributed and if not, how and why it deviates
from a Rayleigh distribution. To determine the scales for Rayleigh graph paper we begin
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with the distribution of the amplitude (squared) of a stationary complex Gaussian process
P{a(t)]? > v} = e/

where v = € {|n(t)|*}. Engineers prefer quantities in decibels, e.g., W (t) = 201log |n(¢)| in
which case the distribution becomes

P =P{W(t) >w}=e """/

If we take for the abscissa scale ¥ = —10logIn 1/ and the ordinate scale y = w we have
the desired linear relationship x = —y + wy, where wy = 20 log vy.

4.2 Accuracy of the APD Estimate

As in the case of the mean, it is important to make quantitative remarks about the accuracy
of the APD estimate. In this section we will discuss both convergence of the estimate and a
method for calculating confidence intervals (ref [4]). It is important to note that the following
concepts require that the data & are iid observations.

To begin, we define the quantile z, as

P& > apt =1—F(z,) =p
and the related random variables

_{1 if &, >,
=

N
0 else and v = kz::l M-

The random variable v is just the number of sample values greater than x,, in N observations.

The probability that exactly m observations are greater than x, and N — m observations

are less than or equal to x, is p™¢"~™ where ¢ = 1 — p. The number of such sample sets is

NN
<m>  ml(N —m)!

hence, the probability that a sample set contains exactly m observations greater than z,,
irrespective of the order, is

N
m

P{v=m;N} = < )pqum.

By De Moivre’s Theorem [5] v/N is asymptotically normal with € {v/N} = p and var(v/N) =
pq/N. We see immediately that when the & are iid, as N — oo, the estimate converges in
probability, i.e., P{|v/N — p| < e} =1 for any € > 0.

To calculate confidence intervals for a population quantile x,, we can use the following rela-

tions
P{v>m;N}y =% (JZ)quka = b(m)
P{v <m;N} =1—b(m).
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Now let m_ and m be the indices for two ordered samples so that £[m_]| > &[m,]. Then it
follows that

Piglm-] > xp = fmyfymy >m_} =Pl >m_} = P{v = my} = b(m_) — b(my)

hence, we can say that with (b(m_) — b(my)) - 100% confidence the population quantile z,
is in the interval [{[my],&[m_]]

For example, given N > 2 samples, the probability that the median falls between the smallest
and the largest sample is given by

PLEM) > 0o > €N} =1 — oy

4.2.1 Approximation for Large N

If Npg >> 1 and |m — Np|?/(Npq)? << 1 the following approximation for the binomial
distribution can be used [6]

k=m

where

O(x —/24¢.

;@
):\/%Zoe

We can now specify a desired confidence ¢ - 100% and calculate the indices of the order
statistics that bound the confidence interval. Obviously we require that

b(m_) —b(my) =c.

In addition we want the mean value of v (Np) for the quantile x, to be near the center of
the interval. This is accomplished by setting b(m, ) + ¢/2 =1/2 or

b(my) = (1—-c¢)/2.
Applying these two conditions gives the indices of the order statistics that bound the confi-

dence interval
me = [Np+ VB 87 (159)]
m_ = |Np—+/Npqg ! % |.
The median my is given by P{{[mg] < 212} = 1/2, hence mo = [N/2].

As an example, assume that we wish to find the 90% confidence interval for the median
given 2000 iid samples. In this case, ®~! (%) = 1.64 and hence,

m. = [(1000 4 36.7)] = 1037
m_ = (1000 — 36.7)| = 963
mg = 1000

23



therefore
P{X[963] > Ty > X[1037]} > 0.9.
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5. SECOND-ORDER STATISTICS

Second-order statistics provide information about the statistical dependence of a noise pro-
cess at two different times. This information can be used, for example, to predict the
duration of undesirable correlated events and for the development of algorithms to mitigate
these effects. Fourier transforms of second-order statistics provide information about the
characteristics of the frequency content of the process.

An important and easily measured second-order statistic is the covariance. Specifically, the
covariance function gives a measure of the correlation of the process at two different times. If
the process is stationary, the covariance only depends on the time difference. Furthermore, if
all of the joint distribution functions of the process are normal, the covariance and the mean
are all that is required to completely characterize the process. If the process is stationary,
the Fourier transform of the covariance function is

o0

I(f) = /V(T)e’iQ’TdeT,

—0o0

which evidently shows how the mean power of the process is distributed over frequency, e.g.,

[eo]

10)= [ T(df.

—00
Hence, the function I'(f) is usually referred to as the power spectrum.

In this section we will describe covariance and power spectrum estimators that are commonly
applied to noise measurement data. Mathematical expressions for the expected value and
covariance of these estimators will be given. Finally, we will obtain asymptotic statistical
distributions for discrete estimates of the power spectrum based on the discrete Fourier
Transform.

Before proceeding, it is useful to define some standard notation used in the remainder of this
report. First, the notation N(u, %) used in conjunction with a real random variable ¢ means
that ¢ is normally distributed with mean g and variance o2. If £ is complex normal we will
use the notation N¢(u, 0?), where in general the mean is complex. Note that for identically
distributed independent complex random variables, Re{ and Im § are N(Re £ {{}, var(€£)/2)
and N(Im & {¢}, var(£)/2). We will also adopt the standard notation x? to represent a chi-
square random variable with n degrees of freedom, i.e., if & are a sequence of real N(0,1)
independent random variables,

Xn =2 &k (24)
k=1

Finally, the symbol I',, will be used to denote the discrete Fourier transform of the covariance
function defined as

N-—1
—i2mnk/N
k=0
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5.1 Estimation of the Covariance Function

Suppose that £(f,w) is a zero mean complex baseband stationary and ergodic noise process.
A commonly used method for estimating v(7) = cov(§(t),&(t + 7)) is to obtain a sample
function £(t,w;) of time duration 7" and calculate the time average

1 T*’T * .
T E(t,w)E(t+ T wy)dt if0<7<T
)T
Anwn) { 0 ifr>1T (25)

and c¢(—7) = ¢*(7). This estimator is a random process, hence, we need to determine its
mean and covariance.

Since the underlying process is stationary, the mean of the estimator is easily calculated

(e =5 | s{g*<t>5<t+r>}dt={ 1 (1-f) Hosr<T

and € {c(—7)} = £{c*(7)}. This result shows that the estimator is biased, however it is
asymptotically unbiased (i.e., E{7} — v(7) as T — o0).

Calculating the covariance of the estimator is somewhat involved and is formally obtained
from the following expression

T—71T—12

cov(eln)e(m)) = g [ [ cov (€ (0E(t+ 7). € (5)els + 7)) drds

with0 <7 <Tand 0 <71 <T.

To simplify this expression, the usual procedure is to invoke the fourth-order cumulant
k= cum(y, &, &5, &), and apply the following formula

cov(§1€a, &384) = cov(&r, &3)cov(§a, &u) + cov(€r, &a)cov(€y, £3) + K.

It is a common practice to assume that the contribution due to « is small and can be ignored
[7]. This assumption is apparently based on the fact that x = 0 for normal processes and
that the contribution due to x can be neglected when £(t) is a non-Gaussian linear process.
If the contribution of the fourth order cumulant is neglected, we obtain

T—’Tl T—’TQ

corleln).elm) = 5 [ [ [EEWEIELEC+mE G +m)
+ E{EWE (s +72)} ELE(t+m)E(s)} | de ds. (26)
If T is large, the following approximate result can be used [7]
cov(e(m), c(T2) ~ ; / YO+ 72— 1)+t + 7)Y (E— )| dt
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where 7/(7) = E{&(t)&(t + 7)}. For a complex baseband stationary process, 7/(7) = 0 and
hence

cov(c(m) / Y ()Y (t + o — 7)dt.

This result shows that for ergodic processes, the variance of the estimator decreases as the
record length increases.

In practice, the sample function observations yield a discrete time sequence &;. The corre-
sponding discrete estimator of the covariance function is given by

1Nm1

Z gkgk—l—m m:0717”'7N_1'

The covariance of the estimator is approximately

1 & .
COV(Crn, ) N Z {VeVisn—m}

k=—o00

where now the process covariance function is discrete and is defined as a sequence

5.2 Estimation of the Power Spectrum

The estimate of the power spectrum is obtained by taking the Fourier transform of a sample
function. Assuming £(t) is a zero mean sample function we have

1 T T |
—— f(t)g*(s)e*ﬂ“f(t*s)dt ds.
o/

A change of variables u =t — s and v = s yields

T 2

/ E(t)e 2 tqt

0

) =1

T

n=[lz

0

T—u

/ (v + u)dv| e du + / /5 (v 4 u)dv | e~ udu.

Using the definition of ¢(u) from Equation 25, the first integral above is simply

T
/c(u)e_i%f“‘du.
0

After a change of variables, the second integral can be written as

0 T—|ul 0
1 _ |
= | €+ lubg@)de| e du = [ e (ful)e = du.
-T 0 o
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Recalling that ¢*(Ju|) = ¢(—|ul) gives

C(f) = /Tc(u)e_i%f“du

which is the Fourier transform of the covariance function estimator. Thus the covariance
function estimator and the sample spectrum are Fourier transform pairs

C(f) = /Tc(u)e_’%f“du c(u) = 7C(f)ei2”f“df.

The expected value of the spectral estimator of an ergodic stationary process is readily
calculated as

E{C(f)} —/: E{c(u)} e udy = /Ty(u) (1 - |;{|> e~ fudy,

=T
Hence, the spectral estimator is asymptotically unbiased.

Since the measured data is usually digitized we need to examine the properties of the spectral
estimator based on the discrete Fourier Transform. For equally spaced samples &, and spacing
increment At, the discrete version of the spectral estimator is

N-1 2

Z gke—iQWnk/N

k=0

At

Clfa) = Co = (27)

where f,, = n/(NAt). In the sequel, we will refer to the C), as spectral components.

5.2.1 Statistical Characteristics of the Discrete Spectral Estimate

The expected value of the discrete estimator is readily calculated as follows

glcy=at ¥ (W

—i2mnm /N
Ym €
m=—N )

which is asymptotically unbiased.

We have seen that if the process is ergodic, the covariance function estimator converges to
the covariance function as the data record length increases. This is not true, however, for
the spectral estimator. This state of affairs can readily be demonstrated when the &, are
real iid normally distributed samples and the spectral estimator is calculated via the discrete
Fourier transform.
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We begin by assuming that each sample is N (0, 0?) and consider the expected values

g {gkgm} 6227rn(k m) _ O_QAt

E{C} = Z
k=0 m=

0

and

£ {Canz}—( S E (&b} TR )N,

7.k.lm

Since the process is iid normal, the expectation of the four samples is zero when the indices
are all different. Futhermore & {{{} = o* and € {£;&;&kéi} = € {@2} E{&} = 0" when k # j.
This can be written in terms of Kronecker deltas as follows

E{&&kEklm )} = M (8j10mm + 0j00km + OjmOke)

and hence

4 A 2 N—
£{C,.C,} = (A1) (N2+

2
N j=0 k=0

,_.

N-1 -1

N
6227'(‘(] n1+n2)/N_|_ Z
=0

N-1
Z ei27r(£—m)(nl —n2)/N
m=0

or

E{C,,Ch,} = o (At)?

n sinw(ny + no) ? N sinm(ny — no) 2
Nsinm(ny + ny)/N Nsinm(ny —no)/N ) |’
The covariance is obtained from cov(C,,,,Cy,) = E{Cy,Cr,} — E{Cn, } E{C,, } yielding

_ 4 2 sin(ny + no) ’ sin(ny — ny) :

and
4 2
o*(At) ny = ng
This result demonstrates that the variance of the estimator does not decrease with the
number of samples. Furthermore, adjacent samples are uncorrelated and, for a fixed record
length, as N increases, the time between uncorrelated samples decreases. As a consequence,
the rapidity of the fluctuations of the estimator increase and the variance does not decrease.

General results for the variance have been obtained for non-Gaussian non-white stationary
processes with specific mizing assumptions (i.e., & and & become statistically independent
as |k — {] — o) [8]. For example,

cov(Chy, Cp,) = (AtFm)Qénm + O(N_l).
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5.2.2 Averaged Spectral Estimates

A variety of methods have been developed to mitigate the unwieldy character of the spectral
estimator described above. In particular, a simple average of independent spectral compo-
nents is an effective way to reduce the variance. This is sometimes called the Welch Method
[9]. The asymptotic statistical characteristics of such an estimator are described below.

We begin with the Fourier transform of a windowed segment of data

N-1
Xn _ Z w(k/N)gkefiQWkn/N'
k=0

Here, it is assumed that the window, w(t), is of bounded variations and w(t) = 0 for t < 0
and t > 1. Also, the & are complex samples of a stationary zero-mean noise process with
mixing properties as described in [8].

According to a central limit theorem for time series [8] the complex random variables
X, are asymptotically independent N¢(0, N3,) variates where 3, = T, [w?(t)dt. The
| X,,|? are asymptotically independent Nf3,x3/2 random variables (see Equation 24) with
EA{|X.*} = NB,, and var(|X,,|*) = (N3,)?. Hence, we will assume that for large N, the cal-
culated spectral components (Equation 27) can be treated as independent At (3, x3/2 random
variables with £ {C,,} = Atf, and var(C,) = (At3,)%

Again we see that merely increasing the length of the time series does not reduce the variance.
We can, however, make the variance small by averaging a number of the independent spectral
components. An obvious way to accomplish this is to use spectral components obtained from
each of M windowed segments of a measured time series, i.e.,

2

o AIRA —i2mnk/N
) = N > w(k/N)E&y-nne t=1,...,M.
k=0

The asymptotic statistics of this average are easily calculated. First we note that

. 1 M Atﬁ 2M
eon - L5 o - S
M = 2M

=1

where the u are N(0, 1). The sum of the u? is a x3,, variate with £ {x3,,} = 2M, var(x3,,) =
4M and probability distribution

1 T
P 2 _ M—1_—t/2
{0<X2M<ac}—lD(x’2]\4)—2M(7‘r 1)!0/15 e "/ dt.

It follows immediately that the distribution of CA’,(LM ) is given by

22t}

2M
AtS,

P{ogé}lM@x}:P( T
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For 2M > 30, we can use the normal approximation

(y/n)'/3 — (1 — 2/9n>>

\/2/9n

P(y|n)~ ® (

where

1 [ e
q)(x>:ﬁ / e /24t

Note that the asymptotic estimate of each spectral component CA'7(ZM ) is just an estimate of
the mean as described in Section 3. Furthermore, the samples are independent and we can
use the results presented in Section 3.3.1. The expected value of the spectral component
estimate is

g{CIM} = Atg, = Atl“n/w2(t)dt.

This estimate is biased. The contribution of the window can be removed by normalization, in
which case the expected value of the estimate is simply equal to the discrete Fourier transform
of the covariance function y(u) = cov(£(t), (¢t + u)) using N samples and a time increment
At. Because the time series must satisfy a mixing condition [8], the expected value of each
component can be made to approach the Fourier transform of the continuous covariance
function by increasing the number of samples N and decreasing the time increment.

The variance of the estimate is

A Atf,,)?
var(CM)) = (Atf,)” .
M
In practical applications, we can use Equation 8 to obtain an approximation for the variance,

ie.,

. 1 M .
var(C0) s SO0 — CY.
/=1

Since N is large, it is a straightforward matter to calculate confidence intervals using the
normal distribution approximation (as described in Section 3.1.4).

31



6. CONCLUDING REMARKS

We have described some of the statistical uncertainties that arise when measured data are
used to characterize radio noise and interference. Mathematical expressions for uncertainties
in estimates of the mean, statistical distribution functions (viz. the amplitude probability
distribution), covariance functions and power spectral density functions are presented. In
addition to calculating uncertainties, the material presented in this report can be used to
develop measurement strategies that minimize data sampling errors.
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