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POWER SPECTRAL DENSITIES FOR SELECTED DIGITAL 
PHASE-CONTINUOUS MFSK EMISSIONS 

M. Nesenbergs, D. L. Smith, and L. T.   ones* 
This  r e p o r t  i s  a b r i e f  o u t l i n e  and a c a t a l o g  o f  11 power 

s p e c t r a l  d e n s i t i e s  f o r  c e r t a i n  M-ary f requency s h i f t  key ing  wave- 
forms. Spec t ra l  equat ions a r e  d i sp layed  i n  g raph i ca l  form f o r  
easy v i s u a l i z a t i o n .  The spec t ra  p e r t a i n  t o  r e a l  s i g n a l s  centered 
on t h e i r  c a r r i e r  f requencies.  

The se lec ted  waveforms a re  a1 1 phase-continuous w i t h  no 
symbol-to-symbol over1 ap. The number o f  key ing  waveforms, M, 
v a r i e s  f rom 2 t o  8. The modu la t ion  index, k, i s  t y p i c a l l y  2, and 
o n l y  o c c a s i o n a l l y  assumes values o f  1 and 4. I n  a l l  11 cases 
cons idered one encounters d i s c r e t e  l i n e  spect ra .  The r e l a t i v e  
power conta ined i n  t h e  d i s c r e t e  spectrum t u r n s  ou t  t o  be 1 I M  f o r  
r e g u l a r  square waveforms w i t h  no dependence between success ive 
symbols and somewhat l a r g e r  f o r  t h e  o t h e r  cases cons idered here. 
The asymptot ic  behavior  o f  t h e  cont inuous s p e c t r a l  component 
agrees w i t h  t h e  t h e o r e t i c a l  p r e d i c t i o n s  f o r  very  l a r g e  frequency 
dev ia t i ons .  

Spec i f i c  waveform shapes i n c l u d e  square ( o r  r e c t a n g u l a r )  
pu lses,  s ine-pulses, r a i s e d  cos ine  pu lses,  and squared ra i sed -  
cos ine  pu lses.  The conc lud ing  sec t i ons  o f  t h e  r e p o r t  cover two 
spec ia l  systems o f  r e c e n t  p r a c t i c a l  i n t e r e s t .  They a r e  tSg M=4 
and k=2, a l t e r n a t i n g  frequency, format  o f  Rockwell I C o l l  i n s  and 
t h e  M=8, k=2, scheme developed by MITRE and H a r r i s  Corporat ions.  

Key words: asymptot ics;  cont inuous and l i n e  spect ra ;  M-ary f requency s h i f t  
key ing  (MFSK) ; phase-continuous waveforms ; s p e c t r a l  d e n s i t i e s  

1. INTRODUCTION AND OVERVIEW 

Over t h e  l a s t  30 years,  a number o f  comprehensive s tud ies  have addressed 

t h e  s p e c t r a l  p r o p e r t i e s  o f  va r ious  d i g i t a l  modulat ions.  General p r o p e r t i e s  

t h a t  app ly  t o  l a r g e  c lasses  o f  waveforms a r e  known. A lso  known a r e  s p e c i a l  

d e t a i l e d  f ea tu res  t h a t  p e r t a i n  t o  t h e  more unique, p r a c t i c a l l y  impor tan t ,  

r ea l -wo r l d  modu la t ion  systems. A case t h a t  corresponds t o  bo th  ca tego r i es  i s  

* The au thors  a r e  w i t h  t h e  I n s t i t u t e  f o r  Telecommunicaton Sciences, Na t i ona l  
Telecommunications and I n f o r m a t i o n  Admin i s t r a t i on ,  U.S. Department o f  Com- 
merce, Boulder , CO 80303-3328. 

** C e r t a i n  commmercial equipment and so f tware  products  a r e  i d e n t i f i e d  i n  t h i s  
r e p o r t  t o  adequate ly  desc r i be  t h e  des ign and conduct o f  t h e  research  o r  exper- 
iment. I n  no case does such i d e n t i f i c a t i o n  imp l y  recommendation o r  endorse- 
ment by t h e  Na t i ona l  Telecommunications and I n f o r m a t i o n  Admin i s t r a t i on ,  nor  
does i t  imp l y  t h a t  t h e  m a t e r i a l  o r  equipment i d e n t i f i e d  i s  n e c e s s a r i l y  t h e  
bes t  a v a i l a b l e  f o r  t h e  purpose. 



t h a t  o f  constant-envelope ang le  modulat ion.  As t h e  l i s t  o f  references a t t e s t ,  

t h e  spec t ra  o f  t h e  m u t u a l l y  r e l a t e d  phase and frequency modulat ions a r e  w e l l  

understood, a t  l e a s t  on t h e  conceptual  l e v e l .  However, f o r  a p p l i c a t i o n s  i t  i s  

o f t e n  necessary t o  t r a n s l a t e  and t o  condense t h e  t h e o r e t i c a l  formulas i n t o  

s imp le r  forms, accompanied by paramet r i c  numbers and use fu l  graphs. 

Th is  r e p o r t  dea ls  w i t h  one subclass o f  d i g i t a l  f requency modu la t ion  

(FM). That i s  t h e  continuous-phase M-ary Frequency S h i f t  Keying (MFSK), f o r  

such t y p i c a l  va lues as M=2, 4, and 8. The frequency d e v i a t i o n  o r  modu la t ion  

index i s  i n  most cases assumed t o  be k=2, a l though i n  a few chosen ins tances  

k = l  and 4 a r e  in t roduced f o r  i l l u s t r a t i v e  purposes. A l l  waveforms a r e  assumed 

t o  be non-over lapping i n  t ime,  t h a t  i s ,  f rom one key ing  ( o r  symbol, o r  baud) 

i n t e r v a l  T t o  t h e  next .  For t h e  se lec ted  waveform cases, t h e i r  power s p e c t r a l  

d e n s i t i e s  ( o r  s p e c t r a l  d e n s i t i e s ,  o r  spect ra ,  f o r  s h o r t )  a r e  g iven.  When 

a v a i l a b l e ,  pub1 i shed  r e s u l t s  a r e  used. I n  o the r  cases, spec ia l  d e r i v a t i o n s  

a r e  made. Formulas a r e  augmented by graphs t h a t  emphasize t h e  key f e a t u r e s  o f  

t h e  MFSK spect ra .  

The t h r e e  main c h a r a c t e r i s t i c s  o f  t h e  continuous-phase MFSK spec t ra  a r e  

as f o l l o w s :  

( a )  I n  a d d i t i o n  t o  t h e  cont inuous s p e c t r a l  dens i t y ,  i f  c e r t a i n  c o n d i t i o n s  

a r e  met, d i s c r e t e  o r  l i n e  spec t ra  must e x i s t .  It w i l l  be shown t h a t  

a1 1 waveforms cons idered here  possess s p e c t r a l  1 i nes  . With c e r t a i n  

except ions t o  be noted, t h e  t o t a l  power i n  t h e  d i s c r e t e  l i n e s  i s  

e i t h e r  equal t o  o r  l a r g e r  than 1/M o f  t h e  t o t a l  power. Whether f i n i t e  

o r  i n f i n i t e  i n  number, t h e  d i s c r e t e  s p e c t r a l  1 i nes  can occur o n l y  a t  

c e r t a i n  we l l -de f ined  f requenc ies ,  f. These f requenc ies  correspond t o  

p a r t i c u l a r ,  p o s i t i v e  and negat i ve ,  m u l t i p l e s  o f  1/2T, 1/T, 2/T, e tc . ,  

o r  m i x tu res  t h e r e o f .  

( b )  For f requenc ies  t h a t  depar t  f rom t h e  c a r r i e r  f requency, fc, by much, 

much more than  1/T, t h e  power s p e c t r a l  f a l l - o f f  depends on t h e  con t i n -  

u i t y  p r o p e r t i e s  of t h e  modu la t ing  waveform. The s imp les t  r u l e  o f  

thumb appears t o  be t h e  f o l l o w i n g .  I f  t h e  (n-1)- th t ime  d e r i v a t i v e  o f  

a l l  MFSK pu l se  sequences i s  cont inuous,  bu t  t h e  n- th  d e r i v a t i v e  i s  

somewhere d iscon t inuous ,  then  a s y m p t o t i c a l l y  t h e  power' spectrum must 

decrease as 11 ( f - f  ,)2(nt2), 



( c )  The cont inuous spec t ra  e x h i b i t  n e a r l y  p e r i o d i c  maxima and minima. For 

key ing  i n t e r v a l  T, t h e  spacing between minima tends t o  be e i t h e r  1 I T  

o r  1/2T, w h i l e  t h e  spac ing between peaks i s  approx imate ly  t h e  same as 

f o r  t h e  minima. 

The r e p o r t  i s  s t r u c t u r e d  as f o l l o w s .  Sect ions 2 t o  6 deal  w i t h  f o u r -  

waveform, o r  M=4, MFSK. The whole development s t a r t s  w i t h  a  necessary i n t r o -  

d u c t i o n  o f  no ta t i on ,  p l u s  a summary o f  t h e  p r e r e q u i s i t e  t h e o r e t i c a l  back- 

ground, i n  Sec t ion  2. (Comment on n o t a t i o n :  Since p rev ious  w r i t e r s  have 

chosen w ide l y  d i f f e r e n t  symbols t o  represen t  t h e  FSK spect ra ,  we i n c l u d e  as 

Appendix A a  summary o f  t h e i r  power spectrum n o t a t i o n . )  I n i t i a l l y ,  our  devel -  

opment i s  concerned w i t h  M=4. However, t h e  con tex t  makes i t  easy t o  ext rapo-  

l a t e  t o  o the r  M values, such as t o  M=2 i n  Sect ions 7 and 8 and t o  M=8 i n  

Sec t ion  10. 

Sec t ion  3 a p p l i e s  t h e  t o o l s  o f  Sec t ion  2 t o  t h r e e  square-wave 4FSK 

waveforms, namely those w i t h  index k= l ,  2, and 4, r e s p e c t i v e l y .  Depending on 

t h e  da ta  sequence represented,  a  sequence o f  these waveforms can have 

d i s c o n t i n u i t i e s  a t  a l l  t imes t h a t  a re  i n t e g e r  m u l t i p l e s  o f  T. 

Sec t ion  4 uses t h e  s i n g l e  sine-wave pu l se  (namely t h e  s i n x  f u n c t i o n  

between x=O and x=n) as t h e  waveform. The index  i s  k=2. The modu la t ing  

waveform i s  everywhere cont inuous , b u t  i t s  f i r s t  d e r i v a t i v e  can have d iscon-  

t i n u i t i e s  a t  t imes t h a t  a re  i n t e g e r  m u l t i p l e s  o f  T. 

Sec t ion  5 employs t h e  ra ised-cos ine  waveform. It, o f  course, has a zero 

s lope  a t  m u l t i p l e s  o f  T, and thus  a cont inuous f i r s t  d e r i v a t i v e .  The second 

d e r i v a t i v e ,  however, can have d i s c o n t i n u i t i e s .  

Sec t ion  6 assumes t h e  most complex waveform considered here, namely t h e  

square o f  t h e  ra ised-cos ine  waveform. It leads t o  r a t h e r  compl icated fo rmu las  

f o r  t h e  spectrum, p l u s  assoc ia ted  computat ion d i f f i c u l t i e s .  However, s i n c e  

i t s  f o u r t h  d e r i v a t i v e  i s  t h e  very  lowes t  d e r i v a t i v e  t h a t  can be d iscon t inuous ,  

t h e  assoc ia ted spec t ra l  s k i r t s  must f a l l  as tound ing ly  as f t o  t h e  minus 12-th 

power. 

Sec t ion  7 rev iews and mod i f i es  t h e  s p e c t r a l  express ions f o r  two cases o f  

b i n a r y  ( o r  M=2) FSK. One i s  f o r  t h e  d e v i a t i o n  index k equal t o  1, t h e  o t h e r  

i s  f o r  k=2. 

Sec t ion  8 t r e a t s  t h e  2FSK w i t h  squared ra ised-cos ine  waveforms and modu- 

l a t i o n  index k-2. I t s  asympto t i c  s lope  i s  f-I' as i t  was i n  Sec t ion  6. 



Sect ion  9 p resen ts  a  m o d i f i e d  M=4 scheme t h a t  e x h i b i t s  some p r o p e r t i e s  

s i m i l a r  t o  t h e  b i n a r y  FSK. The unique p r o p e r t i e s  appear t o  be due t o  an 

"a1 t e r n a t i n g  f requency-pa i r "  s e l e c t i o n  r u l e  t h a t  i s  enforced by t h e  

modulator .  Th is  scheme has been implemented by Rockwe l l /Co l l i ns  i n  some o f  

t h e i r  systems and, perhaps more noteworthy,  i t  represen ts  a  s i g n i f i c a n t  propo- 

s a l  f o r  an automated HF system (e.g., l i n k  es tab l i shment )  waveform standard. 

F i n a l l y ,  Sec t ion  10 shows an 8-ary MFSK. L i k e  many o f  t h e  e a r l i e r  cases, 

i t s  d e v i a t i o n  i ndex  i s  k=2, and most o f  i t s  power s p e c t r a l  p r o p e r t i e s  r e l a t e  

s t r o n g l y  t o  t h e  corresponding spec t ra  discussed i n  Sec t ion  3 ( f o r  M=4) and i n  

Sec t ion  7 ( f o r  M=2). Th is  8FSK model represen ts  one more impor tan t  modem 

development. A t  t h i s  t ime,  i t  appears l i k e w i s e  t o  be a  s tand ing  cand ida te  f o r  

t h e  proposed system s t a n d a r d i z a t i o n  e f f o r t  f o r  automat ic  l i n k  estab l ishment .  

Table 1 summarizes t h e  MFSK cases cons idered i n  t h i s  study. It l i s t s  t h e  

waveforms, t h e i r  main spec t ra l  fea tu res ,  as w e l l  as o the r  key charac te r -  

i s t i c s .  It a l s o  makes i t  q u i t e  apparent t h a t  t h i s  r e p o r t  i s  f a r  f rom be ing  

a  comprehensive c a t a l o g  o f  a l l  MFSK systems s tud ied  here o r  abroad. Ins tead ,  

i t  represen ts  a  s e l e c t i v e  m i x t u r e  o f  genera l  i n t e r e s t ,  t h e  au thors '  i n t e r e s t ,  

p l us  a  few cases (see Sect ions 9 and 10)  o f  p r a c t i c a l  s i g n i f i c a n c e  i n  c u r r e n t  

s t a n d a r d i z a t i o n  o f  r a d i o  system designs. 

I n  a d d i t i o n  t o  t h e  p r e v i o u s l y  mentioned Appendix A, which dea ls  w i t h  

n o t a t i o n ,  two o the r  appendixes a re  inc luded  here. T h e i r  purpose i s  t o  remove 

t h e  mathematical  ( i  .e., t r i g o n o m e t r i c  and Bessel f u n c t i o n )  d e t a i l s  f rom t h e  

main t e x t .  The elementary, b u t  o f t e n  used, t r i g o n o m e t r i c  f u n c t i o n  p r o p e r t i e s  

a re  c o l l e c t e d  i n  Appendix B. Use fu l  Bessel f u n c t i o n  p rope r t i es ,  p l u s  some 

r e l e v a n t  d e r i v a t i o n s ,  a r e  found i n  Appendix C.  

2. COMMON RESULTS FOR 4FSK SYSTEMS 

Out 1  i ne -- 
We seek t h e  power s p e c t r a l  d e n s i t y  o f  a  p a r t i c u l a r  c l ass  o f  d i g i t a l  

frequency-modulated s i gna l s ,  known as t h e  M-ary FSK o r  MFSK systems. To have 

a s imp le r  p resen ta t i on ,  assume f o r  t ime  be ing  t h a t  M=4. Almost t h e  same 

genera l  method w i l l  l a t e r  app ly  t o  M=2, 8, and o the r  cases. 

The present  approach i s  based on t h e  randomness o f  t h e  modu la t ing  da ta  

sequence. One es t imates  t h e  s i g n a l  a u t o - c o r r e l a t i o n  f u n c t i o n  and then  uses 

i t s  Fou r i e r  t r ans fo rm  t o  d e r i v e  t h e  s p e c t r a l  d e n s i t y  (Papoul is ,  1965). Th is  

method has been used by many workers t o  descr ibe  t h e  spec t ra  o f  c e r t a i n  MFSK 



c lasses (Bennett and Rice, 1963; Anderson and Salz,, 1965; Salz, 1965; Prabhu 

and Rowe, 1974; Rowe and Prabhu, 1975). Whenever poss ib le ,  prev ious r e s u l t s  

a re  used here w i thou t  j u s t i f i c a t i o n  o r  m o d i f i c a t i o n .  I n  o ther  instances, 

mod i f i ca t i ons  and extensions are  made as needed. 

TABLE 1. Overview o f  t h e  Phase-Continuous, No Overlap, MSFK Systems Studied 
i n  Th is  Report 

Pulse Found No. FSK Modul. No. o f  R e l a t i v e  Asymptotic 
Waveform I n  Pulses Index D isc re te  D isc re te  Peak 

TY pe Sect i on M k Lines Power Envelope 

Square 
Pulse 3 4 1 4 1 /4  (5/8n2) ( f ~ ) - ~  

Sine- 
Pulse I n f i n i t e  .388 (5/32) ( f ~ ) - ~  

Raised 
Cosine 5 4 2 .483 (5/2n2) ( f ~ ) - ~  I 1  

Squared Raised- 
Cos i ne 6 4 2 .592 (40/n2) ( f ~ ) - "  I 1  

Square 
Pulse 7 2 1 2 1/2 ( l / 8n2 )  ( f ~ ) - ~  

Squared Raised- 
Cos i ne 8 2 2 I n f i n i t e  ,748 (8/n2) ( f ~ ) - ' ~  

Roc kwe l l  
C o l l i n s  9 4 2 1/2 (5/2n2) ( f ~ ) - ~  11 

MITRE 
H a r r i s  



To keep mat te rs  s imple and compat ible,  t h e  n o t a t i o n  o f  Rowe and Prabhu 

(1975) i s  f o l l owed  i n  our equat ions. 

The r e a l  un i ty-envelope s i g n a l  i s  w r i t t e n  as 

I n  ( I ) ,  fc  i s  t h e  c a r r i e r  f requency and $ ( t )  i s  t h e  t ime-vary ing  phase. The 

v a r i a t i o n  o f  phase i s  a  d i r e c t  consequence o f  t h e  MFSK waveforms. When t h e  

key ing  o r  baud i n t e r v a l  has l e n g t h  T, t h e  da ta  source s e l e c t s  a  new waveform 

f o r  every new i n t e r v a l .  Th is  s e l e c t i o n  process i s  complete ly  memoryless, 

equiprobable,  and random. The waveforms come f rom a f i n i t e  alphabet.  For M=4 

one represen ts  t h e  a lphabet  as {h l ( t ) ,  h 2 ( t ) ,  h 3 ( t ) ,  h 4 ( t ) ) .  The phase term 

i s  then 

where t h e  s u b s c r i p t  sn keeps t r a c k  o f  which o f  t h e  f o u r  waveforms i s  p icked i n  

t i m e - s l o t  n  by s e l e c t i n g  values f rom t h e  s e t  { I ,  2, 3, 4). 

As i s  commonly done, t h e  ac tua l  angle modulat ion i s  w r i t t e n  as a complex 

random f u n c t i o n  

I t s  power spectrum, P v ( f ) ,  determines t h e  des i r ed  double-sideband power spec- 

trum, P x ( f ) ,  o f  t h e  r e a l  band l i m i t e d  s i g n a l  x ( t )  (Prabhu and Rowe, 1974): 

O r ,  when t h e  spectrum i s  d i v i d e d  i n t o  i t s  cont inuous and d i s c r e t e  l i n e  compo- 

nents  as f u n c t i o n s  o f  p o s i t i v e  ( o n l y )  f requenc ies ,  



Useful formulas and graphs for (5 )  represent the ultimate goal of this 
report. Of course, different system assumptions and parameter values wi 11 

a l t e r  the expressions and shapes for the spectra. Sections 3 t o  10 i l lus t ra te  
that point for the selected modulation cases of interest.  

Derivation of Spectrum 
Start with a f in i t e  waveform alphabet, as il lustrated in Figure 1 for a 

single time interval 06tST. A number of pertinent properties are noted: 

( A )  The number of dist inct  waveforms is  M=4. 

(B )  Frequency modulation w i t h  bounded waveforms results in everywhere 
continuous-phase, as long as spurious phase jumps are not allowed a t  
transition times t = n T .  

(C) There i s  no waveform overlap from one keying interval t o  the next. 

( D )  A I I  four waveforms are multiples of a common real ,  b u t  otherwise 
arbitrary , generator (or parent) waveform h ( t )  . 

(E)  The modulation index for the above alphabet i s  defined as twice the 
maximum instantaneous phase deviation of the generator waveform 
h ( t )  : 

X = 2 1 h ( t ) d t .  (6 
0 

This definition differs from the term "frequency deviation," which 
nominally should refer t o  the largest I h ( t )  1 value i n  

the OStST interval. To avoid a potential confusion of terms, the mod- 

index k convention of (6) i s  adopted here (Taub and Schilling, 1971). 
Small integer values, such as k = l ,  2 ,  3, . . . , are of most practical 

interest.  Most of the examples considered here will have k = 2 .  

To proceed, define a column vector with arbitrary components jxl, x2,  x3, 

~ 4 )  as 



F i g u r e  1. An i l l u s t r a t i o n  o f  an M = 4 waveform a l p h a b e t  
w i t h  a  s i n g l e  p a r e n t  h ( t ) .  



The transpose o f  x], o r  x l t -x ,  - i s  then a  row vec to r .  I t w i l l  occur occa- 

s i o n a l l y  i n  t h e  t e x t .  Far more comnon w i l l  be t h e  occurrences o f  f u n c t i o n s  of 

vec to rs .  For any f unc t i on  f ( x )  and any vec to r  x], we use t h e  n a t u r a l  vec to r -  

f u n c t i o n  convent ion, 

Based on t h e  above vec to r  n o t a t i o n ,  t h e  waveform a lphabet  can be s a i d  t o  

be a  vec to r  f u n c t i o n  over OstsT, 

where t h e  increment o r  c o e f f i c i e n t  vec to r  A] i s  i n  t ranspose form 

One nex t  needs t o  d e f i n e  what can be c a l l e d  a segment o f  t h e  MFSK base- 

band, 

s ( t ) l  = e  j 2 W  . / h(p)dp  f o r  ~ s t s T ,  
0 

= 01  elsewhere. 

It i s  f o l l owed  by t h e  p r o b a b i l i t y  weight  vec to r  t h a t  corresponds t o  t h e  wave- 

form vec to r  h ( t ) ]  i n  (9 ) ,  

W] = (1 /4)1] .  (12) 

where t h e  vec to r  11 cons i s t s  e n t i r e l y  o f  u n i t y  components. 

Given (6), ( l l ) ,  and (12) ,  one i s  i n  a  p o s i t i o n  t o  c a r r y  ou t  t h e  t e s t  f o r  

t h e  ex i s tence  o f  t h e  l i n e  spectrum. That t e s t ,  known t o  be both necessary and 

s u f f i c i e n t  , s t a t e s  t h a t  d i s c r e t e  1  i ne spectrum e x i s t s  when t h e  s c a l a r  vec to r -  

product ,  - w=q(T) ] ,  has a  magnitude o f  u n i t y  (Rowe and Prabhu, 1975). 

9 



For the MFSK model postulated above and for k an integer, 

jkn , e -jkn , 3jkn + ,-3jkn) = e  j krr w q(T)] = (1/4)(e - (13) 

Therefore, for all integer values of the modulation index k, the above MFSK 
model must possess discrete spectral lines. 

Further derivation of the continuous and the line spectra can benefit 
from a Fourier series expansion of q(t)], see (11). A minor problem arises 
occasionally, when the natural period of q(t)] may not be T, but some rlT. 
One expands 

and notes that quite generally the coefficient vector must be 

where tj(t)] is an extension of q(t)] from 0St6T to OS~ST. Thus, 

$(t)l = q(t)l for OstsT, 
= "does not matter" el sewhere. 

With the help of the Fourier coefficients, cn], the Fourier integral 
transform R(f)] of the MFSK pulses can be written down by inspection. 



Equat ion (17)  i s  t h e  bas i c  fo rm f o r  a r b i t r a r y  r l T .  For s p e c i f i c  r va lues,  

R ( f ) ]  can be s i m p l i f i e d .  For ins tance ,  r=T y i e l d s  

and so on f o r  r=2T, 3T, e t c .  

One i s  f i n a l l y  a t  a  p o i n t  where t h e  f o r n ~ u l a s  f o r  t h e  complete spec t ra  can 

be w r i t t e n  down. That i s  t r u e ,  because bo th  t h e  cont inuous and t h e  d i s c r e t e  

spec t ra  o f  t h e  angle  modulated baseband, see v ( t )  i n  ( 3 ) ,  a re  determined by 

R ( f ) ]  as f o l l ows .  

For t h e  cont inuous s p e c t r a l  component o f  t h e  assumed 4MFSK model one has 

where * denotes t h e  complex con jugate,  where [ M I  i s  our own shorthand f o r  t h e  

Prabhu and Rowe (1974) m a t r i x  



w h i l e  Ri ( f )  and R j  ( f )  a re  components o f  R ( f ) ]  i n  (18) and [I] i s  t h e  i d e n t i t y  

m a t r i x .  

The corresponding d i s c r e t e  spectrum i s  g i ven  by 

where G ( f - n l ~ )  represen ts  t h e  s tandard d e l t a  o r  impulse f u n c t i o n  (Papoul i s ,  

1962) t h a t ,  s u b j e c t  t o  non-zero c o e f f i c i e n t ,  can c o n t r i b u t e  o n l y  t o  a  unique 

d i s c r e t e  frequency, i .e., t h e  n- th  m u l t i p l e  o f  11~. When T-T, spec t ra l  l i n e s  

can occur on l y  a t  i n t e g e r  values o f  fT .  However, when T = ~ T  holds,  l i n e s  a r e  

p o s s i b l e  a t  a l l  n I 2 .  For odd n  t h i s  a l lows  d i s c r e t e  l i n e s  a t  fT=+1/2, 312, 

. . ., s u b j e c t  t o  non-vanishing c o e f f i c i e n t s  i n  (21) .  

S u b s t i t u t i o n s  o f  (19) and (21) i n t o  (4) and (5)  y i e l d  t h e  complete 

spec t ra  o f  t h e  4FSK modulat ions assumed above. S p e c i f i c  cases a re  i l l u s t r a t e d  

i n  t h e  Sect ions t o  f o l l o w .  

3. SPECTRA FOR 4FSK WITH SQUARE WAVEFORMS 

The summary r e s u l t s  o f  Sec t ion  2  a re  a p p l i e d  here t o  square o r  rec tan-  

g u l a r  waveforms. The genera t ing  waveform, 

h ( t )  = k/2T f o r  a l l  OStST, (22 

s a t i s f i e s  t h e  modu la t ion  index  convent ion o f  ( 6 ) .  Per ( l l ) ,  one ob ta ins  

f o r  OStST, 

s ( t ) l  = e  
j r k A ]  t / T  

I t s  Fou r i e r  s e r i e s  expansion i s  c a r r i e d  ou t  nex t ,  f b l l owed  by a l l  t h e  o t h e r  

terms c a l l e d  f o r  i n  Sec t ion  2. I n  p a r t i c u l a r ,  t h a t  inc ludes  met icu lous  

eva lua t i ons  o f  (15) ,  (17) ,  (19) ,  and (21) ,  p l u s  subsequent s u b s t i t u t i o n  i n t o  

( 4 )  and ( 5 ) .  The end r e s u l t  i s  the  t o t a l ,  cont inuous p lus  l i n e ,  power spec- 

trum. 

The expressions t u r n  ou t  d i f f e r e n t  f o r  d i f f e r e n t  values o f  mod-index k. 

The d i v e r s i t y  s t a r t s  a l r eady  i n  t h e  Fou r i e r  s e r i e s  o f  (14),  where t h e  most 

convenient  pe r i od  T appears t o  be T  f o r  even k, and 2T f o r  odd k. We t r e a t  

t h e  d i s t i n c t  k  cases separa te ly .  



Case f o r  k-1 

Set .r=2T and expand q ( t ) ]  i n t o  Fou r i e r  s e r i e s  (14) .  The c o e f f i c i e n t  

vec to r  cn] f o l l o w s  f rom (15) and (16) ,  

where t h e  l a t t e r  symbol represen ts  a  vec to r  o r  ordered 4 - t up le  o f  Kronecker 

de l t as .  For any two i n tege rs ,  n  and m, t h e  Kronecker d e l t a  has t h e  usual 

meaning , 
d(n,m) = 1 i f  n=m, 

= 0 o therw ise .  

Equat ion (24)  reduces t h e  i n f i n i t e  sum i n  R ( f ) ]  (see (17 ) )  t o  a  s i n g l e  

four-component vec to r ,  

which can be r e a d i l y  i n s e r t e d  i n t o  t h e  baseband spec t ra  formulas of (19) and 

(21)  
The complete power spec t ra l  dens i t y ,  as de f i ned  i n  ( 5 ) ,  i s  

2  cos (n fT )  - - 9 8 f  2 ~ 2  
T 16n2 * --* ( f 2 ~ 2 - 1 / 4 ) 2 ( f 2 ~ 2 - 9 / 4 ) 2  I 

The upper h a l f  o f  (27)  i s  t h e  cont inuous !;pectrum. The lower h a l f  i s  t h e  

f o u r - l i n e  d i s c r e t e  spectrum. The complete express ion can be i n f e r r e d  f rom 

Anderson and Sal z (1965). 

Both k=1 4FSK spec t ra  a re  p l o t t e d  i n  F igu re  2. The d i s p l a y  i s  l i n e a r  i n  

f T  and i t  covers t h e  main power r e g i o n  around t h e  c a r r i e r  f requency. Note 

t h a t  t h e  cont inuous spectrum has t h r e e  symmetr ical  peaks, w i t h  t h e  o u t l a y e r s  

s l i g h t l y  f a r t h e r  than f = l / T  f rom t h e  c e n t r a l  peak. The n u l l s  occur a t  a l l  

p o s i t i v e  and nega t i ve  va lues o f  fT=5/2, 712, 912, . . . . Thus t h e  spac ing 

between ad jacen t  n u l l s  i n  F igu re  2 i s  5 f T  i n  t h e  cen te r  and f T  on bo th  

s ides .  



Figure 2.  The continuous and discrete  spectra of square-wave 4FSK for 
modulation index k = 1 .  



The spectral lines are also separated by fT. The listed trigonometric 
integrals of Appendix B establish that the total continuous power i s  318. The 
individual power in a discrete line is  1132. This verifies that the total 

power in the frequency modulated signal (1) i s  112, the total discrete l ine 
power is  25 percent thereof, and the remaining 75 percent belongs t o  the con- 
tinuous spectrum. 

The following comment pertains to this and other MFSK cases. The state- 
ments about locations of nulls and percentages of power in various spectral 
peaks can often be supported theoretically by looking a t  the equations, such 

as those in the f i r s t  half of ( 2 7 ) .  

The cosine and sine functions cause periodic nulls, unless they are 
cancelled o u t  by the term in the denominator. To make the null versus no-null 
recognition easier,  the f i r s t  part of Appendix B contains a number of useful 
limiting properties for the more common trigonometric functions. 

The percentage power i n  the continuous spectrum can be obtained by direct 
integration of the appropriate terms i n  P,(fc + f) /T.  The second part of 

Appendix B contains a short l i s t ing  of definite integrals that may expedite 
this  process in many practical instances. 

Figure 3 plots the k = l  continuous spectrum on a logarithmic fT scale. 
This type of graph i s  an expedient way t o  i l lus t ra te  the asymptotic behavior 
of the spectrum for large values of fT .  Note that for very large fT the peak 
spectral envelope fa l l s  off as (5/8n2) ( f ~ ) - ~ ,  which is  expected for FSK with 
discontinuous keying waveforms (see characteristic ( b )  i n  the Introduction). 

Case for k = 2  

Set r=T and observe that the same Fourier coefficients of (24) apply t o  
the Fourier series for k = l  and k-2. I t  follows from (18) that 

The complete power spectrum for rectangular, k = 2 ,  4FSK i s  then: 



Figure 3 .  The asymptotic continuous spectral behavior of the k = 1,  
square-wave, 4FSK for 1 arge frequencies. 



As before,  t h e  f i r s t  h a l f  o f  t h i s  i s  t h e  cont inuous spectrum and t h e  second 

h a l f  i s  t h e  d i s c r e t e  l i n e  spectrum. For comparison, s i m i l a r  spec t ra  a r e  found 

i n  Anderson and Sal z (1965).  

Both t h e  cont inuous and t h e  d i s c r e t e  components o f  (29)  a re  shown i n  

F i gu re  4. The h o r i z o n t a l  and v e r t i c a l  scalles a r e  l i n e a r .  The main b u l k  of 

t h e  cont inuous power i s  concent ra ted i n  f o u r  s p e c t r a l  peaks t h a t  cen te r  near 

fT=-3, -1, 1, and 3. I n  t h e  c e n t r a l  r e g i o n  n u l l s  a r e  separiated by two f T  

u n i t s ,  bu t  f u r t h e r  ou t  t h a t  sepa ra t i on  becomes one f T  u n i t .  

The f o u r  d i s c r e t e  l i n e s  a re  r ough l y  c o l l o c a t e d  w i t h  t h e  cont inuous 

maxima. Appendix B aga in  proves t h a t  t h e  cont inuous spectrum i n t e g r a t e s  t o  

318. The t o t a l  d i s c r e t e  l i n e  power i s  s t i l l  25 percen t ,  as i t  was i n  t h e  k = l  

case cons idered e a r l i e r .  

F i gu re  5  p resen ts  t h e  l o g - l o g  p l o t  f o r  l a r g e  fT .  The asympto t i c  peak 

envelope f a l l s  o f f  as (5/2n2) ( f ~ ) - ~ ,  as i s  determined f rom (29) .  

Case f o r  k=4 

Set T=T and no te  t h a t  t h e  F o u r i e r  c o e f f i c i e n t s  a re  now g i ven  by 

where t h e  Kronecker d e l t a  i s  d e f i n e d  as i n  (25) .  But then,  

and t h e  complete power s p e c t r a l  d e n s i t y  o f  t h e  r e c t a n g u l a r ,  k=4, 4FSK i s  

2  Px( fc * f )  s i n  ( n f T )  -- - - 1 
t 

9 
t 128f  *T2 

T 
n 2 [ ( f2TZ-4)2 (f2T2-36)' ( fZT2-4)  2- ( f  2  T 2  -36)'] (32)  

The two ha lves o f  t h i s  spectrum, namely t h e  cont inuous and t h e  d i s c r e t e  

components, behave i n  a  manner c o n s i s t e n t  w i t h  p rev ious  d e r i v a t i o n s .  

The c e n t r a l  p a r t  o f  t h e  power spectrum (32)  i s  d i sp l ayed  i n  F i gu re  6 .  

The coo rd i na te  axes a re  l i n e a r  as i n  F igures  2 and 4. Note t h a t  t h e  power o f  



Figure 4. The continuous and discrete  spectra of square-wave 4FSK for 
modulation index k = 2.  



Figure 5. The asymptotic continuous spectral behavior of the k = 2 ,  
square-wave, 4FSK for 1 arge frequencies. 



Figure 6.  The continuous and d i s c r e t e  spec t r a  o f  square-wave 4FSK f o r  
modulation index k = 4. 



t h e  cont inuous component i s  centered around fT=-6, -2, 2, 6, which as be fo re  

co inc ides  w i t h  t h e  l o c a t i o n s  o f  t h e  f o u r  d i s c r e t e  spec t ra l  l i n e s .  Thus, t h e  

main peaks, i n c l u d i n g  t h e  d e l t a  f unc t i ons ,  a re  separated by f o u r  f T  u n i t s .  

The n u l l s  a re  nomina l l y  one u n i t  apa r t ,  except a t  t h e  main peaks, where t h e  

separa t ion  i s  double.  As i n  t h e  prev ious cases o f  t h i s  Sect ion,  e x a c t l y  

25 percen t  o f  t h e  t o t a l  power belongs t o  t h e  d i s c r e t e  spectrum. 

F igu re  7  i l l u s t r a t e s  t h e  asymptot ic  behavior  of t h e  k=4 case. Because o f  

t h e  l o g a r i t h m i c  sca les,  t h e  "minus f o u r "  s lope  o f  t h e  a n a l y t i c a l l y  

de r i ved  ( lO /nZ)  ( f ~ ) - ~  i s  q u i t e  apparent.  

4. SPECTRA FOR 4FSK WITH SINE-PULSE WAVEFORMS 

Consider t h e  generator  waveform t o  be a  h a l f - p e r i o d  upward l o o p  o f  a 

sinewave. One c a l l s ,  

h ( t )  = ( r k / 4 T ) s i n ( n t / T )  f o r  OstsT, (33) 

t h e  s i n e  pu lse  w i t h  modulat ion index k. For convenience, l e t  k  be an even 

i n t e g e r  . Then 

remains t o  be expanded i n  Fou r i e r  s e r i e s  (14).  To b e n e f i t  f rom t h e  f u l l - c y c l e  

symmetry o f  t h e  sinewave, s e t  r=2T. Then apply  one p a r t i c u l a r  ve rs i on  o f  t h e  

Bessel gene ra t i ng  f u n c t i o n  (see Appendix C o r  Watson, 1962), 

t o  (34) w i t h  i n t e g e r  valued k /2 .  The r e s u l t  i s  an i d e n t i t y  f o r  F o u r i e r  coef-  

f i c i e n t s ,  

S u b s t i t u t i o n  i n t o  (17) y i e l d s  



Log (f-l-1 

Figure 7 .  The asymptotic continuous spectral behavior of the k = 4 ,  
square-wave, 4FSK for large frequencies. 



The u l t i m a t e  express ions f o r  t h e  power spectrum a re  s imp le r  i f  one i n t r o -  

duces f o r  v-1, 3  t h e  f o l l o w i n g  two e n t i t i e s :  

The power spectrum f o r  t h e  4FSK, w i t h  s i n e  pu l se  waveforms and modu la t ion  

index  k an even i n t e g e r ,  i s  then  

Px ( f c+ f )  2 2 
[(Al(fT) - 1 3 ( f T ) )  s i n  (nfT]  + z(B: (~T)  + B:(~T)) cos (n fT)  T =2 

871 1 

As be fo re ,  t h e  upper h a l f  o f  t h e  spectrum i s  t h e  cont inuous p a r t .  The lower  

h a l f  i s  t h e  d i s c r e t e  l i n e  spectrum. 

F i g u r e  8  shows t h e  t o t a l ,  cont inuous p l u s  d i s c r e t e ,  spectrum o f  (39) f o r  

t h e  s p e c i a l  case k=2. The graph emphasizes t h e  cen te r  o f  t h e  band, which 

co inc i des  w i t h  t h e  symmetric r eg ion  around f : = O .  The coo rd i na te  axes a r e  bo th  

l i n e a r .  There a re  f o u r  main peaks l o c a t e d  approx imate ly  a t  f T  va lues o f  k1.3 

and k3.9. The c e n t r a l  peaks a re  t h e  l a r g e s t .  A t  f = O ,  (39) i n d i c a t e s  t h a t  t h e  
2  spectrum does no t  have a  n u l l ,  bu t  a  va lue o f  ( Jo (n ) - Jo (3n ) )  18=.002. N u l l s  

do, however, occur near fT=+2.8 and a t  o t he r  h i ghe r  f requency d e v i a t i o n s  f rom 

t h e  c a r r i e r .  

The d i s c r e t e  spectrum has i n f i n i t e l y  many l i n e s .  The l i n e s  a r e  l o c a t e d  

a t  f requenc ies  t h a t  a re  i n t e g e r  m u l t i p l e s  of 11T. The l eng ths  o f  t h e  arrows 

rep resen t  t h e  ampl i tudes o f  t h e  d e l t a  f u n c t i o n s .  T h e i r  numer ica l  va lues agree 

w i t h  t h e  o r d i n a t e  a x i s  i n  t h e  f i g u r e .  The t o t a l  d i s c r e t e  l i n e  power, as shown 

i n  Appendix C ,  i s  



F igu re  8. The cont inuous and d i s c r e t e  spec t ra  o f  s i ne -pu l se  4FSK f o r  
modu la t i on  index  k = 2. 



Appropr ia te  Bessel f u n c t i o n  t ab les ,  such as those o f  t h e  B r i t i s h  Assoc ia t ion  

f o r  t h e  Advancement o f  Science (1950), h e l p  t o  eva lua te  (40)  f o r  a  use fu l  

range o f  k  values. For k=2 one ob ta ins  a t o t a l  d i s c r e t e  power o f  

approx imate ly  0.194, o r  a  38.8 percen t  power con ten t  f o r  t h e  aggregate of a l l  

s p e c t r a l  1  i nes. 

F igu re  9 ill u s t r a t e s  t h e  asymptot ic  behavior  o f  t h i s  s i n e  pu lse,  k=2, 

continuous-phase 4FSK. The sca les a r e  l o g a r i t h m i c .  Because t h e  assumed s i n e  

pu l se  i s  cont inuous everywhere, w h i l e  i t s  d e r i v a t i v e  i s  no t ,  t h e  s lope  must be 

-6 a s y m p t o t i c a l l y  f o r  ve ry  l a r g e  fT .  The a c t u a l  computed peak envelope agrees 

w i t h  (5132) ( f ~ ) - ~ ,  which i s  a n a l y t i c a l l y  deduced f rom (39) .  

5. SPECTRA FOR 4FSK WITH RAISED-COSINE WAVEFORMS 

The r a i s e d  cos ine ( o r  squared s i n e  pu l se )  paren t  waveform w i t h  modu la t ion  

index  k  i s  

h ( t )  = ( k /2T ) ( l - cos (2n t /T ) )  f o r  OstST. (41  

From now on, k  i s  assumed t o  be an even i n t e g e r  f o r  t h i s  r a i s e d  cos ine  

pu lse.  Next, 

which by s e t t i n g  T=T and mod i f y i ng  (35) (see Appendix C )  t o  read 

produces t h e  Fou r i e r  c o e f f i c i e n t s  by i nspec t i on :  

It f o l l o w s  f rom (18) t h a t  

Th is  equa t ion  d i f f e r s  f rom t h e  corresponding r e s u l t  pub l i shed  i n  Rowe and 

Prabhu (1975). [See t h e i r  equa t ion  (1169, p. 1113.1 I n  as much as repeated 

d e r i v a t i o n s  o f  R ( f ) ]  a l l  l ead  us t o  t h e  same ( - l ) m  a f t e r  t h e  C s ign ,  we assume 

t h a t  an i nadve r ten t  t ypograph ica l  e r r o r  could have occur red  i n  t h e  quoted BSTJ 

a r t i c l e .  I n  what f o l l o w s  we adhere t o  t h e  R ( f ) ]  as g iven  i n  (45) .  
25 



Slope - -6 

Figure 9. The asymptotic continuous spectral behavior of the k = 2 ,  
sine-pul se ,  4FSK for large frequencies. 



The nex t  s t ep  i s  t o  w r i t e  down a  formula f o r  t h e  spectrum. The problem 

here i s  n o t  d i f f i c u l t  concep tua l l y ,  bu t  r a t h e r  how bes t  t o  keep t r a c k  of 

summation i n d i c e s .  We propose the  f o l l o w i n g  scheme. L e t  D and S  be se ts  o f  

double and s i n g l e  i n t e g e r s ,  r e s p e c t i v e l y ,  de f i ned  as: 

Then, i f  d=(v,p) denotes a  double element i n  D and s  stands f o r  any p a r t i c u l a r  

s ing1  e  number i n  S, i n t r oduce  two a u x i l  i a r y  q u a n t i t i e s ,  

Wi th  t h e  a i d  o f  (46) and (47) ,  one w r i t e s  t h e  power spectrum o f  t h e  

r a i s e d  cos ine  4FSK f o r  k  an even i n t e g e r :  

where t h e  cont inuous and d i s c r e t e  s p e c t r a l  components a re  c l e a r l y  separated. 

Th is  e l abo ra te  equa t ion  corresponds t o  t h e  ra ised-cos ine  r e s u l t s  presented 

e a r l i e r  by Rowe and Prabhu (1975). 

F i gu re  10 i l l u s t r a t e s  t h e  t o t a l ,  cont inuous p lus  d i s c r e t e ,  spec t ra  f o r  

t h i s  ra ised-cos ine  p u l s e  4FSK w i t h  modu la t ion  index  s e t  a t  k=2. Again t h e  

axes a re  l i n e a r  and t h e  emphasis i s  on t h e  c e n t r a l  r e g i o n  o f  t h e  spectrum. A  
2 l o c a l  minimum w i t h  a  va lue  ( J l ( l )  - J 3 ( 3 ) )  18 2 .002 occurs a t  f = O .  Two n u l l s  

o f  t h e  cont inuous spectrum seem t o  occur approx imate ly  a t  fT=*3.4. Other 

n u l l s  a r e  p o s s i b l e  a t  l a r g e r  f requency d e v i a t i o n s .  The b u l k  o f  t h e  power i s  

conta ined i n  t h e  -8<fT<8 f requency reg ion .  

As i t  was f o r  t h e  s i n e  pu lse,  t h e  d i s c r e t e  spectrum again cons i s t s  o f  an 

i n f i n i t e  number o f  l i n e s .  The ampl i tudes (ar rows)  o f  t h e  d i s c r e t e  l i n e s  a re  

drawn t o  represen t  c o e f f i c i e n t s  1/32 B on t h e  o r d i n a t e  sca le .  I n  some 
n  

cases, when t h e  c o e f f i c i e n t s  a re  too  sma l l ,  t h e  arrows a r e  omi t ted .  



Figure 10. The continuous and discrete spectra o f  raised-cosine pulse 
4FSK for modulation index k = 2. 



Neighbor ing l i n e s  a r e  separated by a  frequency spacing o f  11T. For k=2 t h e  

t o t a l  power i n  t h e  spec t ra l  l i n e s  i s  

as shown i n  Appendix C. Tables o f  Bessel f u n c t i o n s  y i e l d  a  r e l a t i v e  t o t a l  

d i s c r e t e  l i n e  power o f  48.3 percen t .  

F i gu re  11 i s  t h e  l o g - l o g  p resen ta t i on  o f  t h e  4FSK spectrum, where t h e  

pu lse  waveforms a re  r a i s e d  cosines and t h e  modu la t ion  index i s  k=2. Because 

t h e  lowes t  d iscon t inuous  d e r i v a t i v e  i s  t h e  second d e r i v a t i v e ,  t h e  s l ope  o f  t h e  

envelope must be a s y m p t o t i c a l l y  approaching -8 as f T  tends t o  i n f i n i t y .  
2  Equat ions show t h a t  t h e  ac tua l  peak asymptote must be (5121~ ) ( f ~ ) - ~ .  

6. SPECTRA FOR 4FSK WITH SQUARED RAISED-COSINE WAVEFORMS 

The generator  waveform, f o r  what we choose t o  c a l l  t h e  "squared ra i sed -  

cos ine"  4FSK w i t h  modu la t ion  index k, i s  

h ( t )  = ( k l 3 T )  (1-cos ( 2 ~ r t I T )  ) f o r  06tST. 

I t s  4FSK baseband vec to r  (see (11) above) i s  then 

This  i s  apparen t l y  a  more compl icated case than t h e  s i n e  pu l se  and t h e  ra i sed -  

cos ine  pu l se  cases s tud ied  i n  t h e  two p rev ious  sec t i ons .  To s i m p l i f y ,  assume 

k-2 f o r  t h i s  squared ra ised-cos ine  waveform. 

As we have done before,  l e t  .r=T and expand q ( t ) ]  i n  Fou r i e r  s e r i e s  w i t h  

c o e f f i c i e n t s  cn] (see (14) and (15) above). Th is  expansion i s  r a t h e r  

i nvo l ved .  I t s  d e t a i l s  a re  de legated t o  Appendix C.  The r e s u l t  i s  

where f o r  i n t e g e r  valued n  and r e a l  numbers u  and v, t h e  f u n c t i o n  In (u ,v )  i s  

de f i ned  t o  be 



F igu re  11. The asympto t i c  cont inuous s p e c t r a l  behav io r  o f  t h e  k = 2, 
r a i sed -cos ine  pu lse,  4FSK f o r  l a r g e  f requenc ies .  



Appendix C o f f e r s  p roo f s  and severa l  o t h e r  express ions f o r  t h i s  indexed, 

b i - v a r i a t e  f u n c t i o n  In (u ,v) . For computat iona l  purposes, e i t h e r  o f  t h e  two 

forms i n  (53)  can be used. I f  f a s t  subrou t ines  a r e  r e a d i l y  a v a i l a b l e  f o r  

Jn ( x ) ,  a  t r unca ted  ve rs i on  o f  t h e  i n f i n i t e  s e r i e s  o f  (53)  may work. Other-  

wise,  r a p i d l y  converg ing quadrature techniques can b e n e f i t  f rom t h e  second 

p a r t  o f  (53) .  

L e t  

+ In-3 (-4,112) Im-3(-4,112) + I n+3 (4  ,-1IZ) Im+3(4 ,-112) 
and (54)  

Then t h e  power spectrum f o r  t h e  k=2, squared ra ised-cos ine ,  4FSK i s  g iven  

by 

The f i r s t  h a l f  o f  t h i s  equa t ion  i s  t h e  cont inuous s p e c t r a l  component. 

The second h a l f  i s  t h e  l i n e  spectrum. 

F i gu re  12 shows t h e  main c e n t r a l  r e g i o n  of t h e  composi te spectrum (55 )  

f o r  t h e  p o s t u l a t e d  continuous-phase, no over lap ,  k=2 4FSK w i t h  squared r a i s e d -  

cos i ne  waveforms. The coo rd i na te  axes a re  l i n e a r .  The cont inuous spectrum 

does no t  have n u l l s  i n  t h e  r e g i o n  i n d i c a t e d ,  a l though  t h e r e  a r e  pronounced 



Figure 1 2 .  The continuous and discrete spectra of squared raised-cosine 
pulse 4FSK for modulation index k = 2.  



minima a t  fT=O and k4.5. The main s i g n a l  power i s  conta ined w i t h i n  

-10<fT<10. 

The d i s c r e t e  spectrum cons i s t s  o f  i n f i n i t e l y  many equ i -d i s t an t  l i n e s ,  

spaced 1/T Hz apa r t .  The t o t a l  power i n  t h e  d i s c r e t e  s p e c t r a l  l i n e s  i s  .296 

o r  59.2 percent ,  as can be computed f rom t h e  i d e n t i t y  

The p roo f  o f  (56) f o l l o w s  f rom t h e  genera l i zed  form o f  t h e  Neumann 

A d d i t i o n  Theorem, g iven  i n  Appendix C f o r  t h e  In(u,v)  f unc t i ons .  

F igure  13 i s  a  l o g a r i t h m i c  rep resen ta t i on  o f  t h e  cont inuous spectrum. 

Emphasis i s  on l a r g e  f T  values. Because f o r  t h e  squared ra ised-cos ine pu lse ,  

t h e  lowest  d iscon t inuous  d e r i v a t i v e  i s  t h e  f o u r t h  d e r i v a t i v e ,  t h e  asymptot ic  
2  s lope  o f  t h e  power spectrum should be ( 4 0 I n  ) ( f ~ ) - ' ~ ,  as p r e d i c t e d  f rom (55) .  

7 .  BACKGROUND AND SPECTRA FOR BINARY SQUARE-WAVE FSK 

The b ina ry ,  o r  M=2, FSK has p robab ly  rece ived  t h e  most a t t e n t i o n  i n  t h e  

past .  To summarize i t  i n  t h e  present  vec to r  con tex t ,  a  l a r g e  p o r t i o n  o f  t h e  

equat ions de r i ved  above remains v a l i d .  Wi th  t h e  understanding t h a t  two-dimen- 

s  i onal 

a r e  t o  be used, e a r l i e r  ( l l ) ,  (14) t o  (18) ,  t h e  f i r s t  p a r t  o f  (19) ,  and (21) 

t o  (24) a l l  remain v a l i d  f o r  a r b i t r a r y  in teger -va lued  modu la t ion  index  k. The 

d i s c r e t e  spectrum e x i s t s .  

Case f o r  k-1 

Set T = ~ T  and no te  t h a t  t h e  Fou r i e r  c o e f f i c i e n t  cn] s a t i s f i e s  (24) .  But 

then  t h e  R ( f ) ]  vec to r  f u n c t i o n  must be as de f i ned  i n  (26) .  S u b s t i t u t i o n  i n  

e a r l i e r  (19) and (21) y i e l d  t h e  cont inuous and d i s c r e t e  baseband spect ra .  

Another s u b s t i t u t i o n  i n t o  ( 4 )  and (5)  produce t h e  des i r ed  spectrum a t  r a d i o  

f requency. 

The t o t a l ,  cont inuous p l u s  d i s c r e t e ,  s p e c t r a l  d e n s i t y  f o r  t h e  phase- 

cont inuous,  square-pulse, 2FSK w i t h  modulat ion index k-1 i s  
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Figure 13. The asymptotic continuous spectral behavior of the k = 2 ,  
squared raised-cosine, 4FSK for 1 arge frequencies. 



The f i r s t  h a l f  o f  t h i s  equat ion i s  t h e  cont inuous power s p e c t r a l  dens i t y .  The 

second h a l f  i s  t h e  d i s c r e t e  component. Th is  r e s u l t  was appa ren t l y  f i r s t  

de r i ved  by Bennett  and Rice (1963), l a t e r  by Anderson and Sa lz  (1965), and 

o the rs .  

The ZFSK, k = l ,  spectrum i s  p l o t t e d  i n  F igu re  14. The d i s p l a y  i s  l i n e a r  

i n  bo th  coord ina tes .  The r e g i o n  around fT=O i s  emphasized. Centered on fT-0 

i s  t h e  s i n g l e  symmetric peak o f  t h e  cont inuous p a r t .  The n u l l s  occur a t  

fT=k3/2, k5/2,  k712, and so f o r t h .  The spacing between ad jacen t  n u l l s  i n  

F igu re  14 i s  g e n e r a l l y  one f T  u n i t ,  except  a t  t h e  o r i g i n  where t h a t  spac ing i s  

t h r e e  u n i t s .  

There a r e  two d i s c r e t e  l i n e s  shown. They occur a t  fT=k1/2 and t h e i r  

i n d i v i d u a l  power con ten t  i s  118. Th is  i s  t h e  same power as con ta ined  i n  t h e  

cont inuous spectrum (see Appendix B f o r  d e t a i l s  o f  needed i n t e g r a t i o n ) .  Thus 

t h e  t o t a l  l i n e  power i s  50 percen t  o f  t h e  t o t a l  FSK power. 

F i gu re  15 d i s p l a y s  t h e  cont inuous b i n a r y  FSK spectrum on a l o g a r i t h m i c  

sca le .  For l a r g e  f T  values t h e  p r e d i c t e d  peak asymptot ic  envelope 

i s  ( 1 1 8 n ~ ) ( f ~ ) - ~ .  That f a c t  i s  q u i t e  as expected, because t h e  elementary 

waveform h ( t )  i s  d iscon t inuous .  

Case f o r  k=2 

Set T=T and use t h e  F o u r i e r  c o e f f i c i e n t  cn] o f  (24) .  The R ( f ) ]  i s  o f  t h e  

same fo rm as g iven  above i n  (28) .  

The spect ra1 d e n s i t y  f o r  t h e  phase-cant inuous , square-pul se, b i n a r y  FSK 

w i t h  modu la t ion  index k=2 f o l l o w s  again by t h e  same s u b s t i t u t i o n  process: 

Th is  formula i l l u s t r a t e s  t he ,  by now q u i t e  fami 1  i a r ,  cont inuous and d i s c r e t e  

components o f  t h e  spec t ra l  dens i t y .  The same r e s u l t  has been p r e v i o u s l y  

de r i ved  by Bennett and Rice (1963),  Anderson and Sal z (2965), and o thers .  



Figure 14. The cont inuous and d i s c r e t e  spectra of square-wave 2FSK f o r  
modulat ion index k = 1. 



Figure 15. The asymptotic continuous spectral  behavior of the  k = 1 ,  
square-wave, 2FSK fo r  l a rge  frequencies. 



F igu re  16 i l l u s t r a t e s  t h e  c e n t r a l  p a r t  of t h i s  power spectrum. Both 

coord ina te  axes a r e  l i n e a r .  No t i ce  t h a t  t h e  cont inuous component has two 

prominent peaks a t  fT=* l .  Thus, t h e r e  a re  no n u l l s  a t  51, bu t  t h e r e  a re  n u l l s  

a t  a l l  o t h e r  p o s i t i v e  and nega t i ve  i n tege rs .  

Two d i s c r e t e  s p e c t r a l  l i n e s  co inc ide  w i t h  t h e  cont inuous peaks, as they  

a r e  a l s o  l oca ted  a t  fT-51. Jus t  l i k e  i n  t h e  k = l  case, t h e  power con ten t  o f  

each l i n e  i s  1/8. The t o t a l  power o f  t h e  two cont inuous peaks equals 1/4, as 

i s  seen f rom t h e  i n t e g r a l s  i n  Appendix B. Thus, t h e  d i s c r e t e  spectrum aga in  

con ta ins  50 percen t  o f  t h e  t o t a l  b i n a r y  FSK power. 

F i gu re  17 shows t h e  asymptot ic  behavior  o f  t h e  k-2 2FSK f o r  t h e  assump- 

t i o n s  c i t e d  above. The h o r i z o n t a l  and v e r t i c a l  sca les a r e  bo th  l o g a r i t h m i c .  

As f T  tends t o  i n f i n i t y ,  t h e  p red i c ted  asymptot ic  s lope  i s  g iven by 

(1/2n2) ( f ~ ) - ~ .  

8. SPECTRUM FOR BINARY FSK WITH SQUARED RAISED-COSINE WAVEFORMS 

B ina ry  FSK, o r  ZFSK, i s  perhaps t h e  most s tud ied  case o f  FSK systems w i t h  

d i f f e r e n t  waveforms (see Bennett  and Rice, 1963; Anderson and Salz, 1965; and 

elsewhere).  I n  t h i s  sec t i on ,  t h e  apparen t l y  l e s s  f a m i l i a r  waveform o f  squared 

ra ised-cos ine  ( o r  i t s  equ i va len t  s ine-pulse t o  t h e  f o u r t h  power) i s  pre- 

sented. The formulas f o l l o w  immediate ly  from e a r l i e r  d e r i v a t i o n s  o f  Sect ions 

5 and 7. 

The paren t  waveform h ( t )  i s  t h e  same as i n  (50) .  Assuming t h a t  A ]  and 

[ M I  a re  as de f i ned  i n  (57) ,  t h a t  t h e  mod-index k=2, and t h a t  one denotes 

u=-4/3 and v=1/6, t h e  power spectrum i s  g iven  by 

where I n ( u , v ) i s  t h e  f u n c t i o n  de f i ned  e a r l i e r  i n  (53) .  

F i gu re  18 shows t h e  c e n t r a l  p a r t s  o f  t h e  cont inuous and d i s c r e t e  spec t ra  

of t h i s  squared ra ised-cos ine  pu l se  2FSK. Note t h a t  t h e r e  a re  two main maxima 

a t  fT=&1.5 and a  n u l l  a t  fT=O. Other n u l l s  a re  n o t  o n l y  poss ib le ,  b u t  do 

occur a t  h i ghe r  values o f  f T ,  such as f o r  f T  h 12. 



Figure 16. The cont inuous and d i s c r e t e  spectra o f  square-wave 2FSK fo r  
modulat ion index k = 2. 
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Figure 17. The asymptotic continuous spectral behavior of the k = 2 ,  
square-wave, 2FSK for large frequencies. 



Figure  18. The cont inuous and d i s c r e t e  spec t ra  o f  squared ra i sed -cos ine  
pu l se  2FSK f o r  modu la t ion  index k = 2. 



As observed f o r  t h e  4FSK w i t h  the  i d e n t i c a l  paren t  waveform, and as 

f o l l o w s  f rom t h e  second h a l f  o f  (60) ,  t h e  d i s c r e t e  spectrum con ta ins  an 

i n f i n i t e  number o f  1  i nes .  The amp1 i tudes o f  t h e  t h r e e  c e n t r a l  1  i nes exceed 

t he  v e r t i c a l  sca le .  The i r  values a r e  i n d i c a t e d  i n  F igu re  18 numer i ca l l y ,  such 

as by 0.1641 a t  fT=O. These l i n e s  occur a t  a l l  i n t e g e r  values o f  fT.  For t h e  

assumed modu la t ion  index o f  k=2, t h e  t o t a l  power i n  t h e  l i n e  spectrum i s  

est imated t o  be 0.374. That amounts t o  74.8 percen t  o f  t h e  t o t a l  s i g n a l  

power. Th is  number i s  deduced f rom e i t h e r  s i d e  o f  t h e  i d e n t i t y ,  

Jus t  as i n  t h e  case o f  t h e  corresponding i d e n t i t y  (56) f o r  4FSK, t h e  j u s t i f i -  

c a t i o n  of (61) depends on t h e  ex tens ion  o f  Neumann s e r i e s  f rom Bessel func- 

t i o n s  t o  t h e  In (u ,v )  f u n c t i o n s .  

F i gu re  19 i s  a  l o g - l o g  p l o t  o f  t h e  2FSK cont inuous spectrum, where k-2, 

and t h e  pu l se  shapes a re  squared ra ised-cos ines.  Because t h e  lowest  d iscon-  

t inuous  d e r i v a t i v e  i s  t h e  f o u r t h ,  t h e  s lope  o f  t h e  asymptote must become -12 

as fT  increases.  The exact  va lue o f  t h e  p r e d i c t e d  peak asymptote 

i s  (8/n2) ( f ~ ) - l '  . 

9. SPECTRUM FOR THE ALTERNATE-PAIR 4FSK SCHEME PROPOSED BY ROCKWELL/COLLINS 

Assume a  modu la t ion  format ,  where M=4 f requenc ies  a r e  keyed w i t h  c e r t a i n  

r e s t r i c t i o n s  t h a t  a l t e r n a t e  from one T - i n t e r v a l  t o  t h e  next .  An example i s  a  

scheme proposed by Rockwe l l /Co l l i ns ,  where i n  even numbered i n t e r v a l s  one has 

a  b i n a r y  square-wave cho ice  o f  +fl, and i n  odd numbered i n t e r v a l s  a  d i f f e r e n t  

b i n a r y  square-wave cho ice  o f  +3fl. Here fl can be any assigned frequency 

d e v i a t i o n  f rom the  c a r r i e r  f requency, i n c l u d i n g  t h e  p a r t i c u l a r  Hz values 

implemented by Rockwell /Co l l  i n s .  

One cou ld  t r e a t  +fl as a  genera t ing  pu l se  i n  each (0,T) i n t e r v a l ,  b u t  

t h a t  would des t roy  t h e  premise o f  s t a t i s t i c a l  independence between pulses.  It 

would i n v a l i d a t e  t h e  e n t i r e  t h e o r e t i c a l  framework assumed i n  prev ious sec t i ons  

(Prabhu and Rowe, 1974). A second o p t i o n  i s  t o  combine success ive i n t e r v a l s ,  

such as (0,T) and (T,2T) i n t o  one " s u p e r - i n t e r v a l "  (0,ZT). The supe r - i n te r va l  

c a r r i e s  2  b i t s ,  as i s  usual  f o r  4FSK. The 2T-approach has t h e  un fo r t una te  

s i d e  e f f e c t  t h a t  t h e  formulas become longer  and more compl icated. 

We f o l l o w  t h e  second approach. Le t  t h e  modu la t ion  index be s imp ly  

de f i ned  as 2flT and assume t h a t  i t s  va lue i s  k-2. Furthermore, l e t  
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Figure 19. The asymptotic continuous spectral behavior of the k = 2 ,  
squared raised-cosine, 2FSK for large frequencies. 



h ( t )  = 1/T fo r  O<t$T , 

= 0 el sewhere, 
and define two vectors 

Then the  waveform vector (compare w i t h  ( 9 ) )  fo r  a pulse i n  the  (0,2T) interval  
can be expressed as a direct-product type of function of the two vectors: 

h ( t ) ]  = A] h ( t )  fo r  O<tST, 
= A * ]  h ( t - T )  f o r  TctS2T. (64) 

The corresponding baseband vector, see ear l  i e r  (11) , now becomes 

fo r  O<tsT, 

fo r  TctSZT, 

and the  probabil i ty vector w] i s  the  same as i n  (12) fo r  t he  (0.2T) in te rva l .  
The d i s c r e t e  l i n e  spectrum ex i s t s .  The Fourier integral  transform R(f ) ]  

may be computed d i r e c t l y ,  without a need fo r  a Fourier s e r i e s  expansion: 

To compute the  spectrum, the  e a r l i e r  (19) and (21)  a re  s t i l l  va l id .  In 
( 2 1 )  one must s e t  .r=2T. That permits, a t  l e a s t  i n  pr inciple ,  the  existence 
of 6(fT-n/2) f o r  any, odd or even, integer valued n .  To simplify,  introduce 
the  abbreviation 



Then, a f t e r  a  l o n g  and c a r e f u l  s u b s t i t u t i o n  o f  (66) i n t o  (19)  and (21) ,  one 

ob ta ins  t h e  power s p e c t r a l  d e n s i t y  f o r  t h e  cont inuous-phase, no over lap ,  one 

b i t  per  T, Rockwe l l /Co l l i ns  t ype  o f  4FSK w i t h  modulat ion index k=2: 

Th is  equat ion c o n s i s t s  o f  t h r e e  p a r t s .  The f i r s t  p a r t  i s  t he  cont inuous 

spec t ra l  dens i t y .  The remain ing  two p a r t s  show two d i s t i n c t  l i n e  spect ra .  

The midd le  term represen ts  t h e  p e r i o d i c i t y  i nhe ren t  i n  t h e  unde r l y i ng  1/T 

key ing  format .  The t h i r d  term shows an i n f i n i t e  s e t  o f  spec t ra l  l i n e s  t h a t  

decays as l l f 6  w i t h  i n c r e a s i n g  frequency. I t s  presence appears t o  be due t o  

t h e  a1 t e r n a t i n g - i n t e r v a l  c o n s t r a i n t  in t roduced above. 

F igure  20 i l l u s t r a t e s  t he  c e n t r a l  r e g i o n  o f  t h e  t o t a l  power spectrum i n  

(68) .  Both coo rd ina te  axes a r e  l i n e a r .  The cont inuous component has f o u r  

prominent peaks a t  f T = + l  and +3. The n u l l s  occur a t  i n t e g e r  values o f  fT .  

They a re  separated by two f T  u n i t s  i n  t h e  c e n t r a l  i n t e r i o r  r e g i o n  and by one 

f T  u n i t  i n  bo th  e x t e r i o r  reg ions .  

The two f a m i l i e s  o f  t he  d i s c r e t e  l i n e s  a re  q u i t e  d i f f e r e n t .  F i r s t ,  t h e  

f o u r  major d e l t a  f u n c t i o n s ,  each o f  power 1/32, c o i n c i d e  w i t h  t h e  f o u r  con- 

t i nuous  peaks. That f e a t u r e  of t h e  a1 t e r n ~ a t i n g  Rockwell /Co l l  i n s  waveforms 

agrees w i t h  t h e  p l a i n  square-wave 4FSK f o r  k=2 (see F igu re  4 ) .  The r e s t  o f  

t h e  l i n e  spectrum i s  new. The new l i n e s  occur a t  a l l  f T  va lues t h a t  happen t o  

be odd m u l t i p l e s  o f  112. 

The power i n  t h e  two terms ( o r  f o u r  peaks) o f  t h e  cont inuous spectrum 

adds up t o  114. Th is  i s  seen f rom t h e  d e f i n i t e  t r i g o n o m e t r i c  i n t e g r a l s  i n  

Appendix B. The power i n  t h e  f o u r  l i n e s ,  a t  1/32 per  l i n e ,  t o t a l s  another 

1/8. That leaves t h e  r e s t ,  o r  118, f o r  t h e  i n f i n i t e  sum o f  d e l t a  f u n c t i o n s  
2  w i t h  t h e  Cm c o e f f i c i e n t s .  The conc lus ion  i s  t h a t  t he  t o t a l  o f  t h e  composite 

d i s c r e t e  l i n e  spectrum i s  50 percen t  o f  t h e  t o t a l  4FSK power. Noteworthy, 

such a  50 percent  l i n e  spectrum r a t i o  i s  r a t h e r  t y p i c a l  o f  2FSK systems (see 

Sec t ion  7 ) .  



Figure 20. The continuous and discrete  spectra of the al ternat ing,  square- 
wave pulse, 4FSK scheme proposed by Rockwell/Coll ins.  



F igu re  21 shows t h e  asympto t i c  behav ior  o f  t h i s ,  so c a l l e d  4FSK, w i t h  

a l t e r n a t i n g  waveform p a i r s .  Both coo rd i na te  axes a re  l o g a r i t h m i c .  As f T  

inc reases  beyond a l l  bounds, t h e  s lope o f  t h e  peak envelope must tend t o  minus 
2 f o u r .  The exac t  peak asymptote i s  g iven  by (5 /2n  ) ( f ~ ) - ~ .  

10. SPECTRUM FOR THE 8FSK PROPOSED BY MITRE/HARRIS 

The 8FSK cons idered here  i s  a  d i g i t a l  n ~ o d u l a t i o n  w i t h  V=8 square-wave 

pu lses.  It i s  a l s o  c a l l e d  t h e  8-ary o r  o c t a l  FSK. I n  a  r ecen t  j o i n t  ven tu re  

by MITRE and H a r r i s  Corpora t ions ,  a  continuous-phase 8FSK system o f  t h i s  

genera l  t ype  has been proposed f o r  a  Na t i ona l  automated system standard.  

A f t e r  t h e  fo rma l  framework development f o r  t h e  4FSK and 2FSK systems (see 

Sect ions 2  t o  7 ) ,  t h e  ex tens ion  t o  8FSK spec t ra  i s  s t r a i g h t f o r w a r d .  It seems 

t h a t  t h e  b i gges t  problem i s  how bes t  t o  w r i t e  8-dimensional  vec to r s  and 

ma t r i ces .  Vector  A]  has t h e  e q u i v a l e n t  t ranspose r e p r e s e n t a t i o n ,  

M a t r i x  [ M I  t h a t  corresponds t o  ( 2 0 )  i s  now 

Assume k=2 and s e t  T=T. Then a l l  t h e  r e s u l t s  f o r  even k, up t o  and 

i n c l u d i n g  (28) f o r  R ( f ) ] ,  app l y  here.  For t h e  d e r i v a t i o n  o f  t h e  f i n a l  spec- 

t r a l  express ion,  a  l eng thy  and d e t a i l e d  s u b s t i t u t i o n  remains t o  be c a r r i e d  

ou t .  To do so, d e f i n e  a  s e t  S o f  i n t e g e r s :  

S = { * I ,  + 3 ,  i 5 ,  * 7 } .  (71 

Then t h e  power s p e c t r a l  d e n s i t y  f o r  t h e  phase-continuous, square-wave pu lse,  

8FSK w i t h  modu la t ion  index k=2 i s  



Figure 21. The asymptotic continuous spec t r a l  behavior o f  t h e  k = 2 ,  a l t e r n a t i n g  
square-wave pulse ,  4FSK scheme proposed by Rockwel l /Col l  i n s .  



Px( fc t f )  s i n  n f T  6 ( fT -n ) .  (72) 

Both t he  cont inuous and t he  d i s c r e t e  components a re  c l e a r l y  d i s c e r n i b l e  

i n  t h i s  spectrum. 

F igu re  22 shows g r a p h i c a l l y  t h e  spectrum o f  t h i s  8FSK scheme advocated by 

MITREIHarris. Note t h e  e i g h t  c o l l o c a t e d  d e n s i t y  peaks and d i s c r e t e  l i n e s  a t  

f T 4 ,  k3, k5, k7. The placement o f  peaks, i f  no t  t h e i r  number, i s  cons i s ten t  

w i t h  o the r  k=2 square-wave modulat ions (see F igu re  4 f o r  M=4 and F igu re  16 f o r  

M=2). The nu11 s  occur i n  t h e  c e n t r a l  r eg ion ,  t h a t  i s  f o r  1 f T l  s 8, a t  even 

i n t e g e r s ,  w h i l e  f o r  l f T l  > 8, n u l l s  occur a t  every i n t e g e r .  

As imp l i ed ,  t h e r e  a r e  e i g h t  d i s c r e t e  s p e c t r a l  l i n e s .  They a re  separated 

by two f T  u n i t s .  Each spec t ra l  l i n e  has a  power o f  1/128. The d e f i n i t e  

i n t e g r a l s  i n  Appendix B  y i e l d  t h e  f a c t  t h a t  t h e  cont inuous s p e c t r a l  component 

has a  power con ten t  o f  7/16. Therefore,  t h e  t o t a l  d i s c r e t e  l i n e  power i s  

12.5 percen t  o f  t h e  t o t a l  8FSK power. 

F i gu re  23 conf i rms,  on a  l o g - l o g  sca le  t h a t  f o r  l a r g e  f T  t h e  power 

d e n s i t y  f a l l s  o f f  as ( 2 1 / 2 n ' ) ( f ~ ) - ~ .  

11. CONCLUSIONS 

There a r e  t h r e e  main conc lus ions t o  be drawn f rom t h i s  s tudy:  

F i r s t ,  t h e  MFSK waveforms considered here represen t  o n l y  a  few se lec ted  

examples f rom an i n f i n i t y  o f  p o s s i b l e  waveforms. The s e l e c t i o n  has been based 

on p r a c t i c a l  appl  i c a t i o n s  , as we1 1  as on mathematical  t r a c t a b i l  i ty. For many 

o the r  waveforms, one i s  hard pressed t o  express t h e  power spec t ra  w i t h  manage- 

ab le  formulas, as has been done here. More ex tens i ve  computer runs then would 

seem t o  be t h e  o n l y  way t o  produce t h e  p l o t s  o f  power s p e c t r a l  d e n s i t y  versus 

frequency. Th is  can and should be done, whenever a  p a r t i c u l a r  waveform i s  

proposed and i t s  spec t ra  need t o  be ascer ta ined .  

Second, a l l  t h e  pu l se  shapes considered here have d i s c r e t e  s p e c t r a l  

l i n e s .  But one should n o t  jump t o  t h e  conc lus ion  t h a t  i t  i s  so i n  genera l .  

The f a c t  i s  (see t h e  c o n d i t i o n s  g i ven  i n  Sec t ion  2) t h a t  f o r  a r b i t r a r y  symbol 

waveforms, w i t h  a r b i t r a r y  symbol probabi  1  i t i e s ,  one ob ta ins  1  i n e  spec t ra  

whenever t h e  modu la t ion  index  k  i s  an i n t e g e r .  I f  t h e  index i s  n o t  an 

i n t e g e r ,  t h e  1  i n e  spectrum vanishes. 



Figure 22. The continuous and discrete spectra of square-wave 8FSK for 
modulation index k = 2.  



Figure 23.  The asymptotic spectral behavior of the k = 2 ,  square-wave, 
8FSK for 1 arge frequencies. 



Third, there i s  the issue of the asymptotic spectral slopes. For a 
raised-cosine pulse, the logarithm of the peak envelope of the continuous 
spectrum decays w i t h  a slope of -8 versus frequency f ,  as f tends to  
inf in i ty .  For a squared raised-cosine waveform, that  slope i s  -12. For 
raised cosine to  the n - t h  power, as no surprise,  the asymptotic peak fall-off 
must be -4(n+l) ,  where n=1,2,3 ... . Because a l l  such waveforms can be 
written as weighted sums of cos(2arr m t / T ) ,  where m=1,2,3 . . . , the spectral 
resu l t s  involve in f in i t e  sums o f  f i n i t e  products of ordinary Bessel 
functions. Thus, while a rb i t r a r i ly  steep slopes are possible, they do entail  
mathematical complexities that  may not be worth the e f for t .  Numerical methods 
remain as perhaps the only workable way to  generate the corresponding spectra. 
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APPENDIX A. SPECTRUM NOTATION USED BY SELECTED AUTHORS 

To f a c i l i t a t e  t h e  comparison o f  MFSK power spec t ra  de r i ved  by d i f f e r e n t  

workers,  i n  p a r t i c u l a r  t h e  graphs and r e l e v a n t  equat ions, we p resen t  a  b r i e f  

d i g e s t  o f  t h e i r  n o t a t i o n .  The l i s t  i s  s e l e c t i v e  w i t h  respec t  t o  au thors  and 

symbol s . 

Bennett  and Rice (1963):  

Spec t ra l  d e n s i t y  f S w u ( f  )/A' i s  p l o t t e d  versus ( f - f l ) l fs,  

where 

A S igna l  amp1 i tude. 

1 Lowest o f  t h e  two binary-FSK f requenc ies .  

s  S i g n a l i n g  o r  key ing  f requency o r  11T. 

Wu(f Spec t ra l  d e n s i t y  f u n c t i o n .  

Anderson and Sal z  (1965) : 
2 Normal ized s p e c t r a l  d e n s i t y  G(B)/A T i s  p l o t t e d  versus B, 

where 

A S igna l  amp1 i t  ude. 

B Normal ized frequency o r  (o-oc)T/2n=( f - fc )T.  

c  C a r r i e r  f requency. 
G ( B )  Spec t ra l  d e n s i t y .  
T  Swi tch ing  o r  key ing  i n t e r v a l .  

Wc Angular c a r r i e r  f requency o r  Znf,. 

Lucky, Sal z, and Weldon (1968) : 
2 Normal ized s p e c t r a l  d e n s i t y  V(B)/A T i s  p l o t t e d  versus $, 

where 

v ( B )  Spec t ra l  d e n s i t y .  
[ A l l  o t h e r  d i r e c t l y  i n v o l v e d  q u a n t i t i e s  a r e  t h e  same as i n  

Anderson and Salz  (1965) l .  



Prabhu and Rowe (1974), Rowe and Prabhu (1975): 

Normal i zed  spec t ra l  dens i t y  Pv ( f ) / T  versus fT, 

where 

pv ( f )  Baseband spect ra l  dens i ty .  
T Signal i n g  o r  keying i n t e r v a l  . 
V Same as V ( t ) ;  a  complex angle modulated baseband s igna l  w i t h  

u n i t y  amp1 i tude. 

This r e p o r t  (1989) : 

Normalized spec t ra l  dens i ty  Px ( f c  + f ) / T  versus fT, 

where 

c C a r r i e r  frequency. 
P x ( f c  + f ) / T  Spectral  dens i t y  o f  r e a l  s i gna l  x a t  frequency f from the  

c a r r i e r  . [Same as P,, ( f )  12 i n  Prabhu and Rowe (1974), a1 so 

i n  Rowe and Prabhu (1975) l .  

Keying i n t e r v a l .  

Same as x ( t ) ;  a  r e a l  MFSK, u n i t y  ampl i tude s ignal  a t  c a r r i e r  

frequency. 



APPENDIX B. USEFUL TRIGONOMETRIC PROPERTIES 

A number of t r i g o n o m e t r i c  1  i m i  t s  , d e f i n i t e  i n t e g r a l s  , and r e 1  a ted  iden- 

t i t i e s  a r e  use fu l  f o r  s p e c t r a l  man ipu la t ion .  Th i s  appendix c o l l e c t s  i n  one 

p lace  t h e  most used p r o p e r t i e s .  These p r o p e r t i e s ,  by a l l  means, may be 

de r i ved  f rom t h e  bas ics  o r  found sca t t e red  through var ious  t e x t s .  For what 

f o l l o w s ,  our most used re fe rence  has been Gradshteyn and Ryzhik (1980). 

L i m i t  Values o f  I n t e r e s t  

2  s i n  (nx )  2  l i m i t  -7 = IT 
x + n  (x-n) 

s i n (2nx )  zn l i m i t  x-n 
x + n  

1  i m i  t cos2(nx) = n  2  cos (Znx) - zn 
l i m i t  -1- 

x  + n+1/2 (x- (n+1/2) )  x  + n+1/2 

2  
s i n  (nx )  = 0  l i m i t  x-n 

x + n  

2  cos (nx )  (7 = 0 l i m i t  x- n + l  2) 
x  + n+1/2 

D e f i n i t e  I n t e a r a l  s  o f  I n t e r e s t  

+, j 2nx l - e -  l i m i t  x-n = ~ j 2 n  
x + n  

For r e a l  a: 
Q ) .  J s l n ( a x )  dx = sgn a 

0 X 

For i n t e g e r  n: - 
2  2  

s i n  (nx)  dx = j cos ( l ~ x )  2 d x = r  2  

-Q) (xkn)  
2  - (xk (n+1 /2 ) )  



and f o r  i n tege rs  nCm: 

2 s i n  ( n x l  i 2 i 2 2 ~ d x  = 
cos (Trx) 

2 --2 dx = 0 
- ( X  -n2)(x -m ) -m ~ ~ - ~ ~ C / Z ) ) ~ ( X  -m +1/2) 1 

2 2 x cos (lrx) lr 
2 i 2 2  2 2 2 d x = -  - ( X  -(n+1/2) ) ( x  -(m+1/2) ) 2 (n-m) (n+m+l) 2 



APPENDIX C . USEFUL BESSEL FUNCTION PROPERTIES 

D i f f e r e n t  Forms o f  t h e  Generat ing Func t ion  

S t a r t  w i t h  t h e  bas i c  gene ra t i ng  f u n c t i o n  f o r  Bessel f u n c t i o n s  (Watson, 

1962) i n  t h e  form 

e  (z/2)(t-11t) = x tnJn(z) f o r  t # O ,  

n=-m 

and no te  t h a t  a  s u b s t i t u t i o n  t = j e x p ( j e )  g ives  (35) i n  Sec t ion  4 o f  t h e  main 

t e x t .  Another s u b s t i t u t i o n ,  t = e x p ( j e ) ,  y i e l d s  (43) i n  Sec t ion  5. The l a s t  

ve rs i on  i s  used t o  ge t  Fou r i e r  s e r i e s  c o e f f i c i e n t s  cn] f o r  t h e  q ( t ) ]  f u n c t i o n  

i n  Sec t ion  6. Set k-2 i n  (51) .  Expand 

and s u b s t i t u t e  t h e i r  p roduc t  i n t o  (51).  Then 

and by i n s p e c t i o n  

The l a s t  l i n e  i s  t h e  quoted i d e n t i t y  i n  Sect ion 6, (52) .  



Proper t ies  o f  the  Funct ion I,(u,v) 

Funct ion In(u,v) i s  def ined as the  i n f i n i t e  sum o f  Bessel f u n c t i o n  pro- 

ducts, see (53).  To d e r i v e  i t s  i n t e g r a l  i d e n t i t y ,  consider t he  standard 

i n t e g r a l  d e f i n i t i o n  o f  t h e  Bessel f unc t i on  (Watson, 1962). This imp l i es  

This double i n t e g r a l  can be reduced t o  a s i n g l e  i n t e g r a l  w i t h  the  he lp  o f  t h e  

Four ier-ser ies kernel  (Papoul i s ,  1962), which asser ts  t h a t  

I n s e r t i o n  o f  t h e  kernel  produces 

While simple i n  p r i n c i p l e ,  t h i s  In(u,v)  i n t e g r a l  tends t o  confuse the  r e a l  and 

imaginary p a r t s  o f  t he  in tegrand.  The f a c t  t h a t  a change i n  va r iab le ,  such as 

0=8'+n/2, generates 

may appear a t  the  f i r s t  glance as no t  much o f  an improvement. However, when 

one d iscards the  odd-symmetry pa r t s  around 0=0, a completely r e a l  i n t e g r a l  

mater i a1 i zes : 



This  i s  t h e  fo rmu la  c i t e d  f o r  i t s  apparent u t i l i t y  i n  (53) o f  Sec t ion  6. 

Whi le i t  c l e a r l y  can be mod i f i ed  and expressed i n  many o the r  equ i va len t  ways, 

none seem t o  possess enough advantages t o  d i s p l a c e  t h e  above. 

L i k e  t h e  o r d i n a r y  Bessel f unc t i ons ,  whose gene ra t i ng  f u n c t i o n  i s  (Watson, 

1962) 

t h e  In(u,v)  f u n c t i o n s  a l s o  possess a genera t ing  f u n c t i o n :  

Generat ing f u n c t i o n s  a r e  convenient  t o  d e r i v e  such i d e n t i t i e s  as, 

which a re  needed t o  a s c e r t a i n  asymptot ic  p r o p e r t i e s .  

Neumann Ser ies  and To ta l  Power i n  D i s c r e t e  Spec t ra l  L ines 

To prove t h e  i d e n t i t y  c laimed i n  (40) f o r  sine-wave pulses,  use t h e  

Neumann A d d i t i o n  Theorem (Watson, 1962) i n  one o f  i t s  s imp les t  forms, 



Then f o r  m=O and U=V=X, 

w h i l e  f o r  ma0 and u=-v-x, 

A d d i t i o n  o f  t h e  above y i e l d s  

which f o r  x=kn/2 and x=3kr/2 takes  care  o f  t h e  two i n f i n i t e  sums o f  squares i n  

(40).  L ikewise,  s e t t i n g  u=3x, V=X, t o  be f o l l owed  by u=3x, v=-x, and summing 

produces f o r  m=O: 

For x=kn/2, t h i s  a p p l i e s  t o  t h e  remain ing cross-product term i n  (40) .  

To prove (49) f o r  ra ised-cos ine  pulses, use t h e  same Neumann A d d i t i o n  

Theorem, b u t  w i t h  d i f f e r e n t  values o f  m. From (46) and (47), no te  t h a t  each 
2 Bn con ta ins  f o u r  square terms and s i x  cross-product terms. The square terms 

f o l l o w  f rom m=O and a re  a l l  equal t o  u n i t y .  The cross-product terms a re  more 

compl icated, bu t  t r a c t a b l e ,  as shown next .  

From m=2, 



From m=4, 

F i n a l l y ,  f rom m=6, 

S u b s t i t u t i o n  o f  these  i d e n t i t i e s  i n t o  (46) t o  (48) y i e l d s  t h e  r i g h t  s i d e  

o f  (49) .  

To eva lua te  t h e  t o t a l  power i n  t h e  d i s c r e t e  spect ra ,  i t  i s  sometimes 

expedient t o  use a  g e n e r a l i z a t i o n  o f  Neumann's A d d i t i o n  Theorem i n  t h e  form 

I,(u-s, v - t )  = C I m + n ( ~ , ~ ) I n ( ~ ' t ) .  

n=-a) 

It i s  proved by expanding i t s  l e f t  s i d e  i n  t h e  Bessel f u n c t i o n  s e r i e s  o f  

(53) .  
A  f i n a l  r e s u l t ,  u s e f u l  t o  eva lua te  t h e  In (u ,v )  f u n c t i o n s  f o r  f i x e d  argu- 

ments u  and v, i s  t h e  recur rence  r e l a t i o n :  



I t s  proof f o l  lows from s u b s t i t u t i n g  the  recurrence proper ty  o f  o rd ina ry  Bessel 

f unc t i ons  (Watson, 1962), 

xCJn-, ( x )  + Jnt1 ( x ) l  = 2nJn ( x )  

i n t o  the  ser ies  d e f i n i t i o n  o f  I,(u,v), as given i n  (53) .  
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